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Abstract: The grand partition functions of ABJ theory can be factorized into even and
odd parts under the reflection of fermion coordinate in the Fermi gas approach. In some
cases, the even/odd part of ABJ grand partition function is equal to that of N = 5 O(n)×
USp(n′) theory, hence it is natural to think of the even/odd projection of grand partition
function as an orientifolding of ABJ Fermi gas system. By a systematic WKB analysis,
we determine the coefficients in the perturbative part of grand potential of such orientifold
ABJ theory. We also find the exact form of the first few “half-instanton” corrections coming
from the twisted sector of the reflection of fermion coordinate. For the Chern-Simons level
k = 2, 4, 8 we find closed form expressions of the grand partition functions of orientifold
ABJ theory, and for k = 2, 4 we prove the functional relations among the grand partition
functions conjectured in arXiv:1410.7658.
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1 Introduction
The Fermi gas approach, first introduced in [1], to study the partition function of certain
3d Chern-Simons-matter theories on S3 enables us to extract the valuable information of
the non-perturbative effects in the holographically dual M-theory side. In particular, in
the case of N = 6 U(N + M)k × U(N)−k ABJ(M) theory, which is dual to M-theory on
AdS4×S7/Zk, we have a very detailed understanding of the instanton effects coming from
the M2-branes wrapping some 3-cycles, thanks to the relation to the (refined) topological
string on local P1 × P1 [2] (see [3] for a review). Remarkably, for the special values of the
Chern-Simons level k = 1, 2, 4, it is found that the grand partition functions of ABJ(M)
theories can be written explicitly in closed forms in terms of the Jacobi theta functions
[4, 5].
The grand partition functions of ABJ(M) theories can be naturally factorized into
the even part and the odd part under the reflection x → −x of the fermion coordinate,
and it is conjectured in [5] that the factorized grand partition functions of ABJ theories
enjoy certain functional relations, which are reminiscent of the quantum Wronskian relation
obeyed by the spectral determinant of some quantum mechanical system [6, 7]. Recently,
it is realized that such projection to the even/odd sectors under the reflection of Fermi
gas system has a close relation to the orientifolding on the bulk M-theory side [8–13]. In
this paper, we will consider the grand partition functions of the even/odd sectors of the
ABJ Fermi gas under the reflection, which we call the “orientifold ABJ theory”. For some
special values of parameter M , it is found that such orientifold ABJ theory is related to
the Fermi gas representation of the N = 5 O(n) × USp(n′) Chern-Simons-matter theory
[11, 13], which is obtained by introducing an orientifold plane into the brane construction
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of ABJ theory [14]. Thus, the “orientifold ABJ theory” in such cases are indeed related to
the orientifolding in the bulk M-theory side.
In this paper, we will study the (grand) partition function of orientifold ABJ theory
in detail. We develop a systematic method to compute the small k expansion (WKB
expansion) of the grand potential of orientifold ABJ theory, and determine the coefficients
C,B and A in the perturbative part of grand potential. We also study the coefficients of
“half-instanton” corrections to the grand potential, which have half-weight O(e−µ) of the
membrane instanton O(e−2µ) in ABJ theory. This type of half-instanton corrections has
also appeared in other theories [11, 12] which have dual description as M-theory on certain
orientifolds, and it is natural to identify such half-instantons as the effect coming from
orientifold planes.
We also compute the exact values of the canonical partition functions of orientifold ABJ
theory up to some N = Nmax for various values of k,M . Using this data of exact values of
partition functions, one can extract the instanton corrections to the grand potential which
are summarized in Appendix B. For the case of k = 2, 4, 8 in Appendix B, by looking
at the first few coefficients of this instanton expansion, one can easily guess the all-order
resummation of instanton corrections and write down the closed form expression of the
grand potential. Once we know the exact grand potential, we can reconstruct the grand
partition function by performing the “periodic sum” in (2.5) [15]. In this way, we find
the closed form expressions of the grand partition functions of orientifold ABJ theory with
k = 2, 4, 8. It turns out that the grand potential at k = 2, 4 are essentially determined
by the genus-zero and genus-one free energies of the (refined) topological string on local
P1 × P1, and the exact grand partition functions of orientifold ABJ theory for k = 2, 4 are
proportional to the Jacobi theta function ϑ3(v, τ), as in the case of ABJ(M) theory before
orientifolding [4, 5]. We find that the exact forms of grand partition functions with k = 2, 4
we obtained indeed satisfy the functional relations conjectured in [5]. On the other hand,
the exact grand partition function for k = 8 is qualitatively different from the k = 2, 4
cases, due to the all-genus corrections in the worldsheet instanton part of grand potential.
This paper is organized as follows. In section 2, we compute the exact values of the
canonical partition functions of orientifold ABJ theories for various k andM , and determine
the instanton corrections to the grand potential, which are summarized in Appendix B.
In section 3, we study the WKB expansion of the grand potential of orientifold ABJ
theory, and find the coefficients C,B and A in the perturbative part of grand potential
in closed forms. We also find the closed form expression of the first few coefficients of
“half-instantons” coming from the twisted sector of the reflection of fermion coordinate. In
section 4, 5, and 6, we write down the exact grand partition functions of orientifold ABJ
theory at k = 2, k = 4, and k = 8, respectively. In section 7, for the k = 2, 4 cases we prove
the functional relations among grand partition functions conjectured in [5]. We conclude
in section 8. Some useful properties of theta functions are summarized in Appendix A.
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2 Exact partition functions of orientifold ABJ theory
In this section, we will compute the exact values of the canonical partition functions
Z±(N, k,M) of orientifold ABJ theory for various integral k,M up to some N = Nmax.
Using the exact data of Z±(N, k,M), we determine the instanton corrections to the grand
potential of orientifold ABJ theory.
2.1 Review of ABJ Fermi gas
Before going to the orientifold ABJ theory, let us first review the Fermi gas approach of
U(N1)k × U(N2)−k ABJ theory. It is convenient to parametrize the theory by (N, k,M),
where k is the Chern-Simons level, N is the rank of the second gauge group, and M is the
difference of the ranks of the first and the second gauge groups:
N = N2, M = N1 −N2. (2.1)
Without loss of generality, we can assume k > 0 and M ≥ 0. Note that the ABJM theory
is a special case of ABJ theory with M = 0. We are interested in the grand partition
function of ABJ theory on S3 obtained from the canonical one by summing over N with
fixed k,M
Ξ(µ, k,M) = 1 +
∞∑
N=1
Z(N, k,M)eNµ, (2.2)
where µ is the chemical potential conjugate to N .
In the Fermi gas approach [1], the grand partition function of ABJ theory (2.2) is
written as a system of fermions with no multi-body interactions (ideal Fermi gas)
Ξ(µ, k,M) = det(1 + eµρ). (2.3)
The density matrix ρ of ABJ Fermi gas is given by [16–18]1
ρ(x, y) =
√
E(x)E(y)
2 cosh x−y2k
, E(x) =
1
2pik
1
e
x
2 + (−1)Me−x2
M−1
2∏
s=−M−1
2
tanh
x+ 2piis
2k
. (2.4)
As discussed in [15], the large µ expansion of the total grand potential log Ξ(µ, k,M)
consists of two parts: the oscillatory part and the non-oscillatory part. We will focus on the
latter part, known as the modified grand potential J(µ, k,M). The grand partition function
can be reconstructed from the modified grand potential J(µ, k,M) by the following periodic
sum [15]
Ξ(µ, k,M) =
∑
n∈Z
eJ(µ+2piin,k,M). (2.5)
This summation over the 2pii-shift of µ recovers the periodicity of grand partition function
Ξ(µ+ 2pii, k,M) = Ξ(µ, k,M), (2.6)
1In [19], a different expression of ABJ grand partition function is considered.
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which is required from the very definition of Ξ(µ, k,M) in (2.2). Moreover, as discussed in
[15] one can obtain the canonical partition function at fixed N from the integral transform
of the modified grand potential
Z(N, k,M) =
∫ pii
−pii
dµ
2pii
Ξ(µ, k,M)e−Nµ =
∫
C
dµ
2pii
eJ(µ,k,M)−Nµ, (2.7)
where C is a contour on the complex µ-plane running from e−pii3 ∞ to e+pii3 ∞.
According to the conjecture of [2], the modified grand potential of ABJ theory is
completely determined by the refined topological string on local P1 × P1
J(µ, k,M) = Ftop(T1, T2, gs) +
1
2pii
∂
∂gs
[
gsFNS
(
T1
gs
,
T2
gs
,
1
gs
)]
, (2.8)
where gs = 2/k denotes the string coupling and Ftop and FNS represent the free energy of the
standard topological string and the refined topological string in the Nekrasov-Shatashvili
limit, respectively. The Ka¨hler parameters T1, T2 of local P1×P1 are related to the chemical
potential µ of ABJ Fermi gas by
T1,2 =
4µeff
k
± pii(1− 2b). (2.9)
Here we introduced the notation
b =
M
k
, (2.10)
and the “effective” chemical potential µeff in (2.9) is related to µ by the so-called quantum
mirror map [20]. See [2] for more details. In [18], it is shown that this conjecture (2.8) is
in complete agreement with the exact values of the canonical partition functions of ABJ
theory.
It is useful to decompose the modified grand potential (2.8) into two parts
J(µ, k,M) = Jpert(µ, k,M) + Jnp(µ, k,M), (2.11)
where Jpert(µ, k,M) is the perturbative part
Jpert(µ, k,M) =
C(k)
3
µ3 +B(k,M)µ+A(k,M) (2.12)
and Jnp(µ, k,M) is the non-perturbative part which is exponentially suppressed in the
large µ limit. The coefficients C(k) and B(k,M) in the perturbative part (2.12) are given
by [18, 19]
C(k) =
2
pi2k
, B(k,M) =
1
3k
− k
12
+
k
2
(
1
2
− b
)2
, (2.13)
and the constant A(k,M) in (2.12) is given by [18]
A(k,M) = Ac(k) + Fconi(k,M), (2.14)
where Ac(k) is the constant term in the ABJM theory, which is closely related to a resum-
mation of the constant map contributions in the topological string [21–23]
Ac(k) = −k
2ζ(3)
8pi2
+ 4
∫ ∞
0
dx
x
e2pix − 1 log
(
2 sinh
2pix
k
)
. (2.15)
– 4 –
The second term in (2.14) denotes the free energy of the N = 2 U(M)k pure Chern-Simons
theory on S3 2
Fconi(k,M) = − logZCS(U(M)k) = − log
[
k−
M
2
M−1∏
s=1
(
2 sin
pis
k
)M−s]
. (2.16)
Via large N duality, this is equal to the free energy of the topological string on the resolved
conifold [25]. As discussed in [23], by a certain resummation of the genus expansion, we
can write down a useful integral representation of (2.16)
Fconi(k,M) = − k
2
4pi2
F0(b) +
∫ ∞
0
dx
x
e2pix − 1 log
(
cosh 2pixk − cos 2pib
cosh 2pixk − 1
)
, (2.17)
where F0(b) is the genus-zero free energy of resolved conifold
F0(b) = Re[Li3(e
2piib)]− ζ(3). (2.18)
Here we assumed k, b ∈ R, and Lis(z) =
∑∞
n=1
zn
ns denotes the polylogarithm. This integral
representation (2.17) defines a natural analytic continuation of k,M to non-integer values.
Plugging the decomposition (2.11) of the modified grand potential into (2.7) and ex-
panding the non-perturbative part, we find that the canonical partition function Z(N) at
fixed N can be also decomposed into perturbative and non-perturbative parts:
Z(N) = Zpert(N) + Znp(N), (2.19)
where the perturbative part Zpert(N) is given by the Airy function [1, 26]
Zpert(N) = C
− 1
3 eAAi
[
C−
1
3 (N −B)
]
, (2.20)
and the non-perturbative correction Znp(N) is given by a sum of the derivatives of the
Airy functions [15].
We should mention one important property of the grand partition function of ABJ
theory. Due to the Seiberg-like duality [14], Ξ(µ, k,M) is invariant under M → k −M
Ξ(µ, k, k −M) = Ξ(µ, k,M). (2.21)
In terms of the parameter b in (2.10), the grand partition function is invariant under
b→ 1− b, which corresponds to the exchange of two Ka¨hler parameters T1 ↔ T2 in (2.9).
For the physical ABJ theory with integer k and M , it is argued that the supersymmetry is
spontaneously broken when M > k [14]. Therefore, for a fixed k, the independent values
of M are M = 0, 1, · · · , k. Taking account of the Seiberg-like duality (2.21), the physically
independent values of M are further reduced to
M = 0, 1, · · · , [k/2]. (2.22)
2Note that in (2.16) there is no shift of the Chern-Simons level k in a regularization preserving super-
symmetry. See [24] for a discussion on this point.
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2.2 Orientifold ABJ theory
In this subsection, we will consider the even/odd projection of the ABJ Fermi gas under
the reflection R of the fermion coordinate
R : x→ −x. (2.23)
This kind of projection of Fermi gas system into R = ±1 sectors appeared previously in
some examples [11–13], and those examples have holographically dual description as the
M-theory on certain orientifolds. We expect that the projection of ABJ Fermi gas into
even/odd sectors is also holographically dual to the M-theory on some orientifolds.
Since the density matrix ρ(x, y) of ABJ theory is invariant under the reflection of
coordinates
ρ(−x,−y) = ρ(x, y), (2.24)
we can consider the projection of ρ into the even/odd parts ρ±
ρ±(x, y) =
ρ(x, y)± ρ(x,−y)
2
, (2.25)
which, in the operator language, is simply written as
ρ± = ρ
1±R
2
. (2.26)
Then the grand partition function of ABJ theory is naturally factorized into the even/odd
part
Ξ(µ, k,M) = Ξ+(µ, k,M)Ξ−(µ, k,M) (2.27)
where Ξ±(µ, k,M) are the Fredholm determinant of ρ±
Ξ±(µ, k,M) = det(1 + eµρ±). (2.28)
From this grand partition function Ξ±(µ, k,M), we can read off the canonical partition
function of orientifold ABJ theory Z±(N, k,M) with fixed N by expanding in eµ
Ξ±(µ, k,M) = 1 +
∞∑
N=1
Z±(N, k,M)eNµ. (2.29)
Note that the Seiberg-like duality (2.21) holds for each sector
Ξ±(µ, k, k −M) = Ξ±(µ, k,M). (2.30)
From (2.4), one can see that ρ+(x, y) can be written as
ρ+(x, y) =
√
V (x)V (y)
2 cosh xk + 2 cosh
y
k
, V (x) =
1
2
(
2 cosh
x
2k
)2
E(x). (2.31)
This is exactly the form to which we can apply the Tracy-Widom lemma [27] and we can
easily compute the exact values of spectral traces. Once we know the trace Tr ρ`+ from ` = 1
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to ` = N , we can compute the canonical partition function Z+(N, k,M) at fixed N . Using
the lemma in [27], the `th power of ρ+ can be systematically computed by constructing a
sequence of functions φ`(x) (` = 0, 1, 2, · · · )
ρ`+(x, y) =
√
V (x)V (y)
2 cosh xk + (−1)`−12 cosh yk
`−1∑
j=0
(−1)jφj(x)φ`−1−j(y),
φ`(x) =
1√
V (x)
∫ ∞
−∞
dy ρ+(x, y)
√
V (y)φ`−1(y), φ0(x) = 1.
(2.32)
Then Tr ρ`+ is given by
Tr ρ2n+ =
∫ ∞
−∞
dx
kV (x)
2 sinh xk
2n−1∑
j=0
(−1)j dφj(x)
dx
φ2n−1−j(x),
Tr ρ2n+1+ =
∫ ∞
−∞
dx
V (x)
4 cosh xk
2n∑
j=0
(−1)jφj(x)φ2n−j(x).
(2.33)
The integrals in (2.32) and (2.33) can be evaluated by rewriting them as contour integrals
as in [15, 18, 28]. On the other hand, the traces of ρ− can be computed by using the
following relation found in [15]
∞∑
`=0
φ`(0)z
` = det
(
1 + zρ−
1− zρ+
)
. (2.34)
Using the above algorithm, we have computed the exact values of the partition functions
Z±(N, k,M) for various (k,M) up to N = Nmax, where Nmax is about 10-30 3. For the
case of k = 8, 12, we have computed Z±(N, k,M) only for odd M .
As in the case of ABJM theory [15], by matching the exact values of Z±(N, k,M) with
the expansion in terms of Airy function and its derivatives (2.19) and (2.20), we can fix
the coefficients in the modified grand potential order by order for the first few instanton
numbers. In this way, we find that the modified grand potential for ρ± can be written in
a similar form as that in the ABJ theory (2.11)
J±(µ, k,M) = J
pert
± (µ, k,M) + J
np
± (µ, k,M). (2.35)
Again, the perturbative part is a cubic polynomial in µ
Jpert± (µ, k,M) =
C±(k)
3
µ3 +B±(k,M)µ+A±(k,M), (2.36)
where the coefficients C±(k) and B±(k,M) in (2.36) are related to those in the ABJ theory
by
C±(k) =
1
2
C(k), B±(k,M) =
1
2
B(k,M)± 1
4
. (2.37)
3The data of the exact values of Z±(N, k,M) are attached as ancillary files to the arXiv submission of
this paper.
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By matching the exact values of Z±(N, k,M), we conjecture that the constant term
A±(k,M) in (2.36) is given by
A±(k,M) =
1
2
Ac(k) +
1
2
Fconi(k,M)±
(
Fnon-ori(k,M)− 1
2
log 2
)
. (2.38)
Here Ac(k) and Fconi(k,M) are given by (2.15) and (2.16), respectively. Very inter-
estingly, A±(k,M) contains the contributions from non-orientable worldsheet instantons
Fnon-ori(k,M) on the orientifold of resolved conifold, which in turn is related to the SO(M+
1)k pure Chern-Simons theory on S
3 via large N duality [29]
− logZCS(SO(M + 1)k) = 1
2
Fconi(k,M)− Fnon-ori(k,M). (2.39)
A useful integral representation of Fnon-ori(k,M) is found in [23]
Fnon-ori(k,M) =
k
4pi
Im
[
Li2(e
−ipib)− Li2(−e−ipib)
]
+
∫ ∞
0
dx
e2pix + 1
arctan
(
sinpib
sinh 2pixk
)
.
(2.40)
The appearance of non-orientable contributions in A±(k,M) is the first indication that the
projection of ABJ Fermi gas into R = ±1 is closely related to the orientifolding.
In the next section, we will directly derive (2.37) and (2.38) from the small k expansion
(WKB expansion) of the grand potential.
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Figure 1. We show the plot of free energy F = − logZ−(N, k,M) with M = 3, for k = 3, 4, 6, 8, 12.
k increases from the right curve (k = 3) to the left curve (k = 12). Note that the horizontal axis
is N3/2. The dots are the exact values of free energy at integer N , while the solid curves represent
the perturbative free energy given by the Airy function (2.20) with C,B in (2.37) and A in (2.38).
In Figure 1, we show the plot of free energy F = − logZ−(N, k,M) as a function of
N for M = 3 with k = 3, 4, 6, 8, 12, as an example. As we can see, the exact values of the
free energy exhibit a nice agreement with the perturbative one given by the Airy function
– 8 –
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Figure 2. This is the plot of A−(k,M = 3) as a function of k. The dots are the numerical values of
A−(k, 3) for k = 3, 4, 6, 8, 12 computed from (2.41), while the solid curve is the plot of our conjecture
of A−(k, 3) in (2.38).
(2.20) if we use the correct coefficients C,B in (2.37) and A in (2.38). We find the similar
agreement for all other cases.
As discussed in [21], we can estimate the numerical values of A±(k,M) by
A±(k,M) ≈ log
 Z±(N, k,M)
C±(k)−
1
3Ai
[
C±(k)−
1
3 (N −B±(k,M))
]
 , (N  1). (2.41)
In practice, we compute the numerical value ofA±(k,M) from the exact value of Z±(Nmax, k,M)
by setting N = Nmax in (2.41). In Figure 2 we show the plot of A−(k,M) for M = 3, as
an example. One can clearly see a nice agreement between the numerical value of A−(k, 3)
estimated by using (2.41) and our conjecture of A−(k, 3) in (2.38). Let us take a closer
look at the case of A−(8, 3). We have computed the exact values of Z−(N, 8, 3) up to
Nmax = 14, and the numerical estimation (2.41) with N = 14 gives
A−(8, 3) ≈ 2.34669920.... (2.42)
On the other hand, our proposal of the exact value (2.38) is
A−(8, 3) = − ζ(3)
16pi2
+
5 log(2)
8
− 2 log
(
sin
pi
8
)
= 2.34669923144..., (2.43)
which is in good agreement with the numerical estimation (2.42). The difference between
(2.42) and (2.43) can be attributed to the instanton corrections. The first instanton correc-
tion is of order e−
4µ
k = e−
µ
2 for k = 8 in the grand canonical picture, which in the canonical
picture corresponds to the correction of the order
exp
(
−1
2
√
Nmax
C−(8)
)
≈ 6.0× 10−8. (2.44)
This is indeed the same order as the difference between (2.42) and (2.43).
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Once we know the perturbative grand potential, we can continue the above procedure
to fix the coefficients in the non-perturbative part Jnp± (µ, k,M) using our exact data of
partition functions Z±(N, k,M). The results are summarized in Appendix B. We find that
there are three types of instanton corrections with the weight:
O(e− 4µk ), O(e−2µ), O(e−µ). (2.45)
The first two types have direct analogue in the ABJ theory, namely, worldsheet instantons
and membrane instantons. On the other hand, the last type in (2.45) is a new contribution
coming from the effect of orientifold projection, which we call “half-instantons”, following
[12]. It is curious to observe that there is no contribution with the half-weight of worldsheet
instanton of the order O(e−2µ/k). Only the half-weight of membrane instantons of order
O(e−µ) appear.
For the cases of k = 2, 4, 8, by looking at the coefficients of expansion in Appendix B,
one can easily guess the all order resummation of instanton expansion, and find the closed
form expression of grand partition function Ξ±(µ, k,M), which we will consider in section
4, 5, and 6. By expanding the closed form expression of Ξ±(µ, k,M) around eµ = 0, one can
read off the exact values of canonical partition functions Z±(N, k,M) up to arbitrarily high
N , in principle. Therefore, one can “bootstrap” the computation of partition functions for
k = 2, 4, 8:
exact values of Z±(N, k,M) (N ≤ Nmax)
⇒ closed form of Ξ±(µ, k,M)
⇒ exact values of Z±(N, k,M) (N > Nmax).
(2.46)
For example, we have computed the exact values of Z−(N, 8, 3) up to N = 20 from the
expansion of the closed form expression of the grand partition function Ξ−(µ, 8, 3) in (6.23).
Using the exact value of Z−(N = 20, 8, 3), the numerical estimation of A−(8, 3) in (2.41)
gets improved
A−(8, 3) ≈ 2.3466992303..., (2.47)
which is closer to the exact value (2.43) than the numerical value in (2.42) obtained from
Z−(N = 14, 8, 3), as expected.
2.3 Relation to N = 5 O(n)× USp(n′) theory
As discussed in [14], by introducing orientifold planes into the brane construction of ABJ
theory, we can obtain N = 5 Chern-Simons-matter theories with gauge group O(n) ×
USp(n′) [14, 30]. Now it is natural to ask whether such N = 5 theories are related to the
projection of ABJ Fermi gas into even/odd sectors. In a recent paper [13], it is observed that
the grand partition function constructed from ρ− of ABJM theory (M = 0) is equivalent
to the grand partition function of N = 5 O(2N + 1)2k×USp(2N)−k Chern-Simons-matter
theory4
Ξ−(µ, k, 0) = ΞN=5 O(2N+1)2k×USp(2N)−k(µ). (2.48)
4We are informed by Sanefumi Moriyama that the grand partition function of N = 5 O(2N + m)2k ×
USp(2N)−k theory with odd m can be also written as a Fermi gas system [31].
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Also, a Fermi gas formalism of N = 5 theory with different gauge group O(2N)2k ×
USp(2N)−k is studied in [11]. We find that the exact values of the canonical partition
functions in Table.1 of [11] all coincide with the canonical partition functions Z+(N, k, 1)
computed from the density matrix ρ+ of orientifold ABJ theory with M = 1. From this
non-trivial agreement of the canonical partition functions at small N , we conjecture that
the grand partition functions of these two theories are actually equivalent
Ξ+(µ, k, 1) = ΞN=5 O(2N)2k×USp(2N)−k(µ). (2.49)
It would be interesting to find a direct proof of this equality.
3 WKB expansion
In this section, we will consider the small k expansion (WKB expansion) of the grand
potential J±(µ, k,M) of orientifold ABJ theory. As discussed in [12], the total grand
potential can be written as
J±(µ, k,M) =
J(µ, k,M)± JR(µ, k,M)
2
, (3.1)
where
J(µ, k,M) =
∞∑
`=1
(−1)`−1e`µ
`
Tr(ρ`), JR(µ, k,M) =
∞∑
`=1
(−1)`−1e`µ
`
Tr(ρ`R), (3.2)
with ρ being the density matrix of ABJ theory. As we will see in the next section, at the
level of modified grand potential (3.1) does not hold in general. In particular, the sum of
J+ and J− does not agree with the modified grand potential of ABJ theory5
J+(µ, k,M) + J−(µ, k,M) 6= J(µ, k,M). (3.4)
On the other hand, we find that the difference J+ − J− is always equal to JR in the
examples listed in Appendix B. We should stress that the total grand grand partition
function is completely factorized and the total grand potentials satisfy
log Ξ+(µ, k,M) + log Ξ−(µ, k,M) = log Ξ(µ, k,M). (3.5)
The difference in (3.4) comes from rewriting a double sum into a single sum in (2.5)∑
n+∈Z
eJ+(µ+2piin+,k,M)
∑
n−∈Z
eJ−(µ+2piin−,k,M) =
∑
n∈Z
eJ(µ+2piin,k,M). (3.6)
5After the submission of this paper to arXiv, the paper [31] appeared. We realized that Table.2 in [31]
for the ABJM case (M = 0) can be generalized to the orientifold ABJ theory as
J+ + J− − J = Q1Q2 + 4 cos2 2pi
k
(Q21Q2 +Q1Q
2
2) +
(
1 +
sin2 6pi
k
sin2 2pi
k
)
(Q31Q2 +Q1Q
3
2)
+
(
1 +
(
1− sin 2pi
k
sin
6pi
k
)16 cos2 2pi
k
sin 6pi
k
sin 2pi
k
)
Q21Q
2
2 +O(Q5),
(3.3)
where Q1,2 = e
−T1,2 .
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For the case of k = 2, 4, we can write down the difference in (3.4) explicitly using the exact
form of grand partition functions, as we will see in section 4 and section 5.
To find the large µ expansion of J±(µ, k,M), it is useful to rewrite them in the Mellin-
Barnes representation [32]
J(µ, k,M) = −
∫
γ
ds
2pii
Γ(s)Γ(−s) Tr(ρs)esµ, JR(µ, k,M) = −
∫
γ
ds
2pii
Γ(s)Γ(−s) Tr(ρsR)esµ.
(3.7)
The contour γ is taken to be parallel to the imaginary s-axis with 0 < <(s) < 1. Picking up
the poles at s = ` (` = 1, 2, · · · ), we recover (3.2). On the other hand, closing the contour in
the direction <(s) ≤ 0 and picking up the poles on the negative real s-axis, we can find the
large µ expansion. Thus, the behavior of J±(µ, k,M) is encoded in the analytic properties
of the spectral trace Tr(ρs) and the twisted spectral trace Tr(ρsR). In this section, we will
consider the WKB expansion of Tr(ρs) and Tr(ρsR), following a similar computation in
[12].
3.1 The density matrix of local F0
Since the density matrix of ABJ Fermi gas (2.4) depends on k explicitly, it is not so obvious
how can we compute the WKB expansion of (twisted) spectral traces. Also, the expression
of density matrix in (2.4) makes sense only for integer M . In [33] an analytic continuation
of ρ to arbitrary M is found using the relation to the mirror curve of local F0 (note that
F0 = P1×P1). It turns out that we can systematically compute the small k expansion with
fixed b = M/k.
Let us briefly recall the construction in [33]. The density matrix of ABJ theory is
identified as
ρ = O−1F0 (3.8)
where OF0 is the quantized mirror curve of local F0
OF0 = e
X +me−X + eY + e−Y , (3.9)
with
X = x+
p
2
, Y =
p
2
, [x, p] = i~. (3.10)
The Planck constant ~ is related to the Chern-Simons level k by
~ = 2pik, (3.11)
and the mass parameter m in (3.9) is related to the parameters in the ABJ theory as
m = eβ, β = piik (1− 2b) . (3.12)
As shown in [33], the inverse operator of OF0 can be written in terms of the quantum
dilogarithm Φ(x) defined by
Φ(x) =
∞∏
n=0
1 + exqn+
1
2
1 + e
2pix
~ q˜n+
1
2
, (3.13)
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with
q = ei~, q˜ = e−
4pi2i
~ . (3.14)
From (3.13), the quantum dilogarithm exhibits the following quasi-periodicity
Φ(x− i~2 )
Φ(x+ i~2 )
= 1 + ex,
Φ(x− pii)
Φ(x+ pii)
= 1 + e
2pix
~ . (3.15)
From this property, for the operators x, p obeying [x, p] = i~, one can show that
Φ(p)exΦ(p)−1 = ex + ep+x. (3.16)
Using this relation (3.16) repeatedly, one finds
e
X
2 OF0e
X
2 −m = Φ(x)−1Φ(p)exΦ(p)−1Φ(x) (3.17)
and
Φ(p)−1Φ(x)e
X
2 OF0e
X
2 Φ(x)−1Φ(p) = m(1 + ex−β) = m
Φ
(
x− β − i~2
)
Φ
(
x− β + i~2
) . (3.18)
Now, using the quantum pentagon identity
Φ(p)Φ(x) = Φ(x)Φ(x+ p)Φ(p), (3.19)
the inverse of OF0 is further rewritten as
mO−1F0 = e
X
2 Φ(x)−1Φ(p)
Φ
(
x− β + i~2
)
Φ
(
x− β − i~2
)Φ(p)−1Φ(x)eX2
= e
X
2 Φ(x)−1Φ
(
x− β + i~
2
)
Φ
(
x+ p− β + i~2
)
Φ
(
x+ p− β − i~2
)Φ(x− β − i~
2
)−1
Φ(x)e
X
2
= e
X
2 Φ(x)−1Φ
(
x− β + i~
2
)
1
1 + ex+p−β
Φ
(
x− β − i~
2
)−1
Φ(x)e
X
2 .
(3.20)
Finally, after redefining the variables
p̂ = x+ p− β, x̂ = x− β
2
, (3.21)
we arrive at the following expression of the density matrix ρ = O−1F0 (up to an overall
constant and similarity transformation)
ρ = e
x̂
2
Φ(x̂− β2 + i~4 )Φ(x̂+ β2 + i~4 )
Φ(x̂− β2 − i~4 )Φ(x̂+ β2 − i~4 )
1
2 cosh p̂2
. (3.22)
We are interested in the small ~ expansion of ρ. In this case the denominator of (3.13)
can be ignored, since it is non-perturbative in ~. Then taking the log of (3.13) we find6
log Φ(x) =
∞∑
`=1
(−ex)`
`(q
`
2 − q− `2 )
+O(e−1/~). (3.23)
6As discussed in [23], the small ~ expansion of the first term in (3.23) is Borel summable, and the Borel
sum correctly includes the non-perturbative contribution coming from the denominator of (3.13).
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Plugging this into (3.22) and expanding around ~ = 0, the density matrix is rewritten as
ρ = exp
( ∞∑
n=1
(−1)n(~/2)2n
(2n)!
E2n(b)Li1−2n(−ex̂)
)
1
2 cosh x̂2
1
2 cosh p̂2
, (3.24)
where En(b) is the Euler polynomial defined by
2exb
ex + 1
=
∞∑
n=0
En(b)
n!
xn. (3.25)
When b = 0, (3.24) reduces to the density matrix of ABJM theory
ρABJM =
1
2 cosh x̂2
1
2 cosh p̂2
, (3.26)
since E2n(0) = 0 (n ≥ 1).
Now we are ready to perform the WKB expansion (with b fixed) of the spectral trace
Tr(ρs) and the twisted spectral trace Tr(ρsR).
3.2 WKB expansion of spectral trace Tr ρs
Let us first consider the WKB expansion of the spectral trace Tr(ρs). As discussed in [12],
this is easily done by using the Wigner transform ρW of the density matrix ρ. In general,
the Wigner transform AW of the operator A is defined by
AW =
∫
dye
iPy
~
〈
X − y
2
∣∣∣A∣∣∣X + y
2
〉
. (3.27)
Using the property of Wigner transformation
(AB)W = AW ? BW ≡ AW e i~2 (
←−
∂X
−→
∂P−←−∂P−→∂X)BW ,
f(x̂)W = f(X), g(p̂)W = g(P ),
(3.28)
we find that the Wigner transform of the density matrix ρ (3.24) is given by
ρW = exp
( ∞∑
n=1
(−1)n(~/2)2n
(2n)!
E2n(b)Li1−2n(−eX)
)
1
2 cosh X2
?
1
2 cosh P2
. (3.29)
From (3.28), the Wigner transform of the `th power of ρ is easily obtained by the star-
product of ρW ’s
(ρ`)W = ρW ? · · · ? ρW︸ ︷︷ ︸
`
. (3.30)
The WKB expansion of (ρ`)W can be computed recursively from the obvious relation
(ρ`)W = ρW ? (ρ
`−1)W . Finally, the WKB expansion of trace Tr(ρ`) can be found by
integrating (ρ`)W on the classical phase space
Tr(ρ`) =
∫
dXdP
2pi~
(ρ`)W . (3.31)
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As discussed in [32], the WKB expansion of the spectral trace Tr(ρs) takes the following
form
Tr(ρs) = Z0(s)
(
1 +
∞∑
n=1
Dn(s)~2n
)
. (3.32)
The leading term is simply given by
Z0(s) =
∫
dXdP
2pi~
(
1
2 cosh X2
1
2 cosh P2
)s
=
1
2pi~
Γ(s/2)4
Γ(s)2
. (3.33)
The correction terms Dn(s) can be systematically computed by making an ansatz that
Dn(s) is a rational function of s and fixing the coefficients in the ansatz by matching the
values at integer s [12, 32]. In this way, we have computed Dn(s) up to n = 10. The first
three terms are
D1(s) =
−s3 − 12s2 (b− b2)+ s2
384(s+ 1)
,
D2(s) =
s3
1474560(s+ 1)(s+ 3)
[
7s3 − 20s2(6b2 − 6b− 1),
+ s(720b4 − 1440b3 + 360b2 + 360b− 11) + 16(120b4 − 240b3 + 120b2 − 1)
]
D3(s) = − s
3
3963617280(s+ 1)(s+ 3)(s+ 5)
[
31s6 − 3 (196b2 − 196b− 115) s5
+
(
5040b4 − 10080b3 − 1344b2 + 6384b+ 1273) s4
+
(−20160b6 + 60480b5 − 11760b4 − 77280b3 + 24780b2 + 23940b+ 1567) s3
− 16 (10080b6 − 30240b5 + 21000b4 + 8400b3 − 6804b2 − 2436b+ 41) s2
− 768 (448b6 − 1344b5 + 1120b4 − 189b2 − 35b+ 3) s
− 256 (672b6 − 2016b5 + 1680b4 − 336b2 + 1) ].
(3.34)
Then, the WKB expansion of grand potential can be found by acting the differential
operator on the leading term
J(µ, k,M) =
(
1 +
∞∑
n=1
Dn(∂µ)~2n
)
J0(µ, k,M), (3.35)
where the leading term J0(µ, k,M) is given by
J0(µ, k,M) = −
∫
γ
ds
2pii
Γ(s)Γ(−s)Z0(s)esµ. (3.36)
The perturbative part comes from the pole at s = 0
Jpert0 (µ, k,M) = −
∮
s=0
ds
2pii
Γ(s)Γ(−s)Z0(s)esµ = 2
3pi2k
µ3 +
1
3k
µ+
2ζ(3)
pi2k
. (3.37)
To find the ~ corrections to the perturbative grand potential, it is sufficient to expand
Dn(s) up to s
3, since Jpert0 (µ, k,M) is a cubic polynomial in µ. In the small s expansion,
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we find that Dn(s) behaves as
Dn(s) =
1− 12b+ 12b2
384
s2δn,1
+
(−1)ns3
16(2n)!
[
41−nB2n−2B2n +B2n−2(B2n(b)−B2n)
]
+O(s4).
(3.38)
Here B2n(b) and B2n = B2n(0) denote the Bernoulli polynomial and the Bernoulli number,
respectively. By acting the differential operator (3.35) on (3.37), we find that the constant
C(k) and B(k,M) in (2.13) are correctly reproduced. For instance, the µ-linear term in
Jpert becomes
1
3k
µ+ ~2
1− 12b+ 12b2
384
∂2µ
(
2µ3
3pi2k
)
=
[
1
3k
− k
12
+
k
2
(
1
2
− b
)2]
µ, (3.39)
which correctly reproduces B(k,M) in (2.13). Also, we can read off the WKB expansion
of constant term A(k,M)
A(k,M) =
2ζ(3)
pi2k
+
1
2pi~
∞∑
n=1
41−n(−1)nB2n−2B2n~2n
(2n)!
+
1
2pi~
∞∑
n=1
(−1)nB2n−2(B2n(b)−B2n)~2n
(2n)!
.
(3.40)
The first line of (3.40) agrees with the constant term in ABJM theory [22]
Ac(k) =
2ζ(3)
pi2k
+
∞∑
n=1
(−1)nB2n−2B2npi2n−2k2n−1
(2n)!
. (3.41)
As we will see below, the second line in (3.40) corresponds to the WKB expansion of the
free energy Fconi(k,M) of the U(M)k pure Chern-Simons theory. To see this, let us consider
the WKB expansion of Fconi(k,M). In terms of ~ = 2pik (3.11), Fconi(k,M) in (2.17) is
rewritten as
Fconi(k,M) = −
(
~
4pi2
)2
F0(b) +
~
4pi2
∫ ∞
0
dy
~y
e~y − 1 log
(
cosh 2piy − cos 2pib
cosh 2piy − 1
)
. (3.42)
By expanding the integrand in ~
~y
e~y − 1 = 1−
~y
2
+
∞∑
n=2
B2n−2
(2n− 2)!(~y)
2n−2, (3.43)
and making use of the identities∫ ∞
0
dyy log
(
cosh 2piy − cos 2pib
cosh 2piy − 1
)
= − 1
2pi2
F0(b),∫ ∞
0
dy
2pi
y2n−2 log
(
cosh 2piy − cos 2pib
cosh 2piy − 1
)
=
(−1)n(B2n(b)−B2n)
2n(2n− 1) , (n ≥ 2),
(3.44)
one can see that the small ~ expansion of Fconi(k,M) indeed agrees with the second line of
(3.40). To summarize, the perturbative grand potential of ABJ theory with the coefficients
C(k), B(k,M) in (2.13) and A(k,M) in (2.14) are correctly reproduced from the WKB
expansion of the spectral trace Tr(ρs).
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3.3 WKB expansion of twisted spectral trace Tr(ρsR)
In a similar manner as in the previous subsection 3.2, we can compute the WKB expansion
of the twisted spectral trace Tr(ρsR). This can be done using the fact that Tr(AR) for some
operator A is easily obtained from its Wigner transform AW by simply setting X = P = 0
[12]
Tr(AR) =
1
2
AW
∣∣∣
X=P=0
. (3.45)
We find that the WKB expansion of Tr(ρsR) is written as
Tr(ρsR) = ZR0 (s)
(
1 +
∞∑
n=1
DRn (s)~2n
)
. (3.46)
The leading term is given by
ZR0 (s) = 2
−1−2s. (3.47)
We have computed the correction terms DRn (s) up to n = 12. The first three terms are
given by
DR1 (s) = −
s2
128
+
1
32
s(b− 1)b,
DR2 (s) =
5s4
98304
+
s3
(−2b2 + 2b+ 1)
8192
+
s2
(
6b4 − 12b3 + 6b+ 1)
12288
+
s
(
b4 − 2b3 + b)
3072
,
DR3 (s) = −
61s6
188743680
+
(
5b2 − 5b− 7) s5
3145728
+
(−18b4 + 36b3 + 30b2 − 48b− 29) s4
4718592
+
(
2b6 − 6b5 − b4 + 12b3 + 4b2 − 11b− 3) s3
393216
+
(
6b6 − 18b5 + 30b3 + 3b2 − 21b− 2) s2
589824
+
b
(
b5 − 3b4 + 5b2 − 3) s
184320
.
(3.48)
Again, the large µ expansion of JR(µ, k,M) is found by acting differential operators
on the leading term
JR(µ, k,M) =
(
1 +
∞∑
n=1
DRn (∂µ)~2n
)
JR0 (µ, k,M), (3.49)
where the leading term JR0 (µ, k,M) is given by
JR0 (µ, k,M) = −
∫
γ
ds
2pii
Γ(s)Γ(−s)ZR0 (s)esµ. (3.50)
Perturbative part. Let us first consider the perturbative part of JR(µ, k,M), which
comes from the pole at s = 0. The leading term is give by
1
2
JR,pert0 (µ, k,M) = −
1
2
∮
s=0
ds
2pii
Γ(s)Γ(−s)ZR0 (s)esµ =
µ
4
− 1
2
log 2. (3.51)
This is consistent with the ±1/4 shift of B±(k,M) in (2.37). As in the previous subsection
3.2, the contribution Fnon-ori in (2.38) is obtained by summing all order corrections in ~.
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Since (3.51) is a linear function in µ, in order to compute the term Fnon-ori it is sufficient
to expand DRn (s) up to the linear order in s. We find that D
R
n (s) behaves as
DRn (s) =
1
2
(−1)nE2n−1(0)E2n(b)
(2n)!22n
s+O(s2). (3.52)
As we will see below, this indeed reproduces the WKB expansion of Fnon-ori in (2.40). By
integration by parts and rescaling of integral variable, (2.40) is rewritten as
Fnon-ori =
~
8pi2
Im
[
Li2(e
−ipib)−Li2(−e−ipib)
]
+
1
4
log 2−
∫ ∞
0
dx log(1+e−
~x
2 )
sinpib coshpix
cosh 2pix− cos 2pib.
(3.53)
By expanding the integrand log(1 + e−
~x
2 ) in small ~
log(1 + e−
~x
2 ) = log 2− ~x
4
− 1
2
∞∑
n=1
E2n−1(0)
(2n)!
(~x
2
)2n
, (3.54)
and using the formula∫ ∞
0
dx
x2n sinpib coshpix
cosh 2pix− cos 2pib =
(−1)n
4
E2n(b), (n ≥ 0),∫ ∞
0
dx
x sinpib coshpix
cosh 2pix− cos 2pib = −
1
2pi2
Im
[
Li2(e
−ipib)− Li2(−e−ipib)
]
,
(3.55)
the small ~ expansion of Fnon-ori with fixed b is found to be
Fnon-ori =
1
8
∞∑
n=1
(−1)nE2n−1(0)E2n(b)
(2n)!22n
~2n. (3.56)
We can compare this with the WKB expansion of twisted spectral trace in (3.52). By
acting the differential operator Dn(∂µ) (3.52) on the leading term J
R,pert
0 in (3.51), one can
easily show that the constant term of the perturbative part of 12J
R agrees with the WKB
expansion of Fnon-ori in (3.56)
1
2
JR,pert =
1
2
(
1 +
∞∑
n=1
DRn (∂µ)~2n
)
JR,pert0 =
µ
4
− 1
2
log 2 + Fnon-ori. (3.57)
This correctly reproduces the shift in A±(k,M) in (2.38).
Instanton corrections. JR(µ, k,M) can be written as a sum of the perturbative part
and instanton corrections
JR(µ, k,M) = JR,pert(µ, k,M) + JR,np(µ, k,M). (3.58)
By picking up the poles at negative integers s = −` (` = 1, 2, · · · ) in (3.50), we can compute
the non-perturbative correction JR,np(µ, k,M), which we identify as the “half-instanton”
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corrections in (2.45). From (3.49) and (3.50), one can show that the instanton corrections
are given by
JR,np(µ, k,M) =
∞∑
`=1
r`(~, b)e−`µ,
r`(~, b) =
(
1 +
∞∑
n=1
DRn (−`)~2n
)
(−1)`−12−1+2`
`
.
(3.59)
By matching the WKB expansion, we find the first few instanton coefficients r`(~, b) in
closed forms
r1(~, b) = 2 cos θb,
r2(~, b) = −2(cos 2θb + cos 2θ0),
r3(~, b) =
4
3
(cos 3θb + 3 cos θb cos
2 2θ0),
r4(~, b) = −4(cos 4θb + 4 cos 2θb cos3 2θ0 + cos2 4θ0 + 2 cos2 2θ0),
r5(~, b) =
32
5
(cos 5θb + 5 cos 3θb cos
4 2θ0 + 5 cos θb cos
2 2θ0(1 + cos
2 4θ0)),
r6(~, b) = −32
3
(
cos 6θb + 6 cos 4θb cos
5 2θ0 + 3 cos 2θb
cos5 4θ0 − 1
cos 4θ0 − 1
+ cos3 2θ0(6 cos
3 4θ0 − 3 cos2 4θ0 + 3 cos 4θ0 + 4)
)
,
r7(~, b) =
128
7
(
cos 7θb + 7 cos 5θb cos
6 2θ0 + 7 cos 3θb cos
2 2θ0(cos
2 4θ0 + 2 cos
2 2θ0)(cos
2 4θ0 + 2 sin
2 2θ0)
+ 7 cos θb cos
4 2θ0(4 cos
4 4θ0 − 4 cos3 4θ0 + 3 cos2 4θ0 + 2)
)
.
(3.60)
Here we have introduced the notation θb and θ0 by
θb =
~(1− 2b)
8
, θ0 =
~
8
. (3.61)
When k and M are both integers, r`(~, b) becomes simpler and we can easily guess the
instanton coefficients r`(~, b) for all order in `. From (3.61) and the periodicity of trigono-
metric functions, the result depends on the value of k modulo 8. For odd M we find
JR,np(k ≡ 1, 3 mod8) = −JR,np(k ≡ 5, 7 mod8) = 1
4
log
(
1 + 2
√
2(−1)M−12 e−µ + 4e−2µ
1− 2√2(−1)M−12 e−µ + 4e−2µ
)
,
JR,np(k ≡ 2 mod8) = −JR,np(k ≡ 6 mod8) = 1
4
log
1 + 4(−1)M−12 e−µ
1− 4(−1)M−12 e−µ
,
JR,np(k ≡ 0, 4 mod8) = 0,
(3.62)
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while for even M we find
JR,np(k ≡ 1, 7 mod8) = −JR,np(k ≡ 3, 5 mod8) = 1
4
log
(
1 + 2
√
2(−1)M2 e−µ + 4e−2µ
1− 2√2(−1)M2 e−µ + 4e−2µ
)
,
JR,np(k ≡ 2, 6 mod8) = 1
4
log(1 + 16e−2µ),
JR,np(k ≡ 0 mod8) = 1
2
log(1 + 4(−1)M2 e−µ),
JR,np(k ≡ 4 mod8) = 1
2
log(1− 4(−1)M2 e−µ).
(3.63)
For M = 1, (3.62) reproduces the results of half-instantons inN = 5 O(2N)2k×USp(2N)−k
theory found in [11]. Also, for all cases in Appendix B with various integral k and M , the
difference between the modified grand potentials J+ and J− agrees with the results in
(3.62) and (3.63)
Jnp+ (µ, k,M)− Jnp− (µ, k,M) = JR,np(µ, k,M). (3.64)
4 Exact grand partition functions for k = 2
In this section, we will write down the exact grand partition functions of orientifold ABJ
theory Ξ±(µ, k,M) for k = 2 with M = 0, 1. In general, in order to find the exact
grand partition function, first we need to find the closed form expression of the modified
grand potential. Then, by performing the periodic sum (2.5), we can construct the grand
partition function. It turns out that for k = 2 the modified grand potential is determined
by the genus-zero and genus-one free energies of topological string, and the exact grand
partition function is written in terms of Jacobi theta functions, as in [4, 5]. The genus-zero
free energy of ABJ(M) theory is encoded in the classical periods of local P1 × P1, which
we review first in the next subsection. Then we proceed to write down the exact grand
partition functions of orientifold ABJ theory for k = 2.
4.1 Periods of diagonal local P1 × P1
In this subsection, we summarize the known results of classical periods of the spectral curve
of ABJM matrix model, or the mirror curve of diagonal local P1× P1 [5, 34]. The spectral
curve of ABJM matrix model has genus one, hence there are two independent periods:
A-period and B-period. These two periods are characterized by the Picard-Fuchs equation
[θ3 − 4zθ(2θ + 1)2]Π = 0, (4.1)
where
θ = z∂z, z = e
−2µ. (4.2)
To study the small z expansion and the large z expansion of periods systematically, it is
useful to write the solution of (4.1) in a Mellin-Barnes type integral representation. By
plugging the ansatz
Π =
∫
ds
2pii
f(s)zs, (4.3)
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into (4.1), we find that f(s) should satisfy
s3f(s)− 2f(s− 1) Γ(2s)
2
Γ(2s− 2)Γ(2s− 1) = 0. (4.4)
One can easily find two independent solutions:
fA(s) = −4sΓ(−s)Γ(2s)
2
Γ(s+ 1)3
, fB(s) = − Γ(−s)
3Γ(2s)
Γ(s+ 1)Γ(−2s) . (4.5)
In the large radius frame (small z region), these two solutions correspond to the flat coor-
dinate t (A-period) and the derivative of the genus-zero free energy (B-period)∫
γ′
ds
2pii
fA(s)z
s = t,
∫
γ′
ds
2pii
fB(s)z
s = ∂tF0 +
pi2
6
, (4.6)
where the integration contour γ′ is taken to be parallel to the imaginary s-axis with −1/2 <
<(s) < 0. The small z expansion of those periods are easily obtained by picking up the
poles at s = 0, 1, 2, · · · ,
t = −
∞∑
n=0
Ress=n
[
fA(s)z
s
]
= − log z + wa,
∂tF0 +
pi2
6
= −
∞∑
n=0
Ress=n
[
fB(s)z
s
]
=
1
2
(t2 − w2a + wb).
(4.7)
Note that the constant pi2/6 in the B-period comes from the pole at s = 0
− Ress=0
[
fB(s)z
s
]
=
1
2
(log z)2 +
pi2
6
. (4.8)
wa and wb in (4.7) are given by
wa = −
∞∑
n=1
1
n
(
Γ(n+ 12)
Γ(12)n!
)2
(−16z)n,
wb =
∞∑
n=1
8
n
(
Γ(n+ 12)
Γ(12)n!
)2 [
ψ(2n)− ψ(n)− 3
4n
]
(−16z)n,
(4.9)
where ψ(n) denotes the digamma function. The A-period and the B-period in (4.7) can
be written in closed forms in terms of a hypergeometric function and a Meijer G-function,
respectively
t = − log z + 4z4F3
(
1, 1,
3
2
,
3
2
; 2, 2, 2;−16z
)
,
∂tF0 +
pi2
6
=
1
pi
G3,23,3
(
1
2 ,
1
2 , 1
0, 0, 0
∣∣∣− 16z)+ piit. (4.10)
From these relations, one can find the genus-zero free energy F0(t) as a function of t. The
integration constant in F0(t) is found to be −2ζ(3), and the large t expansion of F0(t) is
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given by7
F0(t) =
t3
6
− 2ζ(3) + 4e−t − 9
2
e−2t +
328
27
e−3t − 777
16
e−4t +
30004
125
e−5t + · · · . (4.11)
It turns out that the logarithmic derivatives of t and ∂tF0 with respect to z are simpler
than t and ∂tF0 themselves, and they are given by the complete elliptic integral of the first
kind8
−z∂zt = 2
pi
K(−16z),
−z∂z∂tF0(t) = 2K(1 + 16z) + 2iK(−16z).
(4.12)
Taking the ratio of them, we find the modulus of the spectral curve
τL =
i
pi
∂2t F0(t) = i
K(1 + 16z)
K(−16z) − 1. (4.13)
Here the subscript L stands for the “large radius frame”.
On the other hand, by deforming the contour γ′ of (4.6) in the direction <(s) < 0 and
picking up the poles at s = −(n+ 1/2), (n = 0, 1, 2, · · · ), we find the small κ expansion of
the periods, where κ is defined by
κ = eµ, z = κ−2. (4.14)
Then the two periods in (4.6) become∫
ds
2pii
fA(s)z
s =
∞∑
n=0
Ress=−(n+1/2)
[
fA(s)κ
−2s
]
=
1
pi2
∂λF0,∫
ds
2pii
fB(s)z
s =
∞∑
n=0
Ress=−(n+1/2)
[
fB(s)κ
−2s
]
= 4pi2λ.
(4.15)
By performing the sum of residues in (4.15), we find that the flat coordinate λ and the
genus-zero free energy F0(λ) in the “orbifold frame” are given by
λ =
κ
8pi
3F2
(
1
2
,
1
2
,
1
2
; 1,
3
2
;−κ
2
16
)
,
∂λF0 = κ
4
G2,33,3
(
1
2 ,
1
2 ,
1
2
0, 0, −12
∣∣∣− κ2
16
)
+ 4pi3iλ.
(4.16)
7 One could absorb the constant pi2/6 into the definition of F0(t)
∂tF̂0 = ∂tF0 +
pi2
6
, F̂0 =
t3
6
+
pi2
6
t− 2ζ(3) +O(e−t).
However, we will not do so and we will stick to the convention in [5]. Note that the t-linear term in F0(t)
drops out in the combination of f0 in (4.26). On the other hand, this constant pi
2/6 plays an important
role in ξL (4.41) and the modular property of the grand partition function.
8We follow the convention of elliptic integral in Mathematica
K(k2) =
∫ 1
0
dt√
(1− t2)(1− k2t2) .
– 22 –
The small λ expansion of the free energy F0(λ) reads
F0(λ) = 2pi2λ2
(
3− 2 log piλ
2
)
+
4pi4λ4
9
+ · · · . (4.17)
In this case, the ordinary derivatives of λ and ∂λF0 with respect to κ become the complete
elliptic integral
8pi∂κλ =
2
pi
K
(
−κ
2
16
)
,
∂κ∂λF0 = piK
(
1 +
κ2
16
)
+ piiK
(
−κ
2
16
)
,
(4.18)
and the torus modulus in the orbifold frame is given by
τorb =
i
4pi3
∂2λF0 = i
K
(
1 + κ
2
16
)
K
(
−κ216
) − 1. (4.19)
As we will see below, the difference of the derivatives between (4.12) and (4.18) plays an
important role in the modular covariance of the grand partition functions.
Since (4.6) and (4.15) are just the different expansions of the same integrals, they are
related by9
t =
∂λF0
pi2
, ∂tF0 +
pi2
6
= 4pi2λ. (4.20)
In other words, the role of A-cycle and B-cycle are essentially exchanged when going from
the large radius frame to the orbifold frame10. In fact, τL (4.13) and τorb (4.19) are related
by the S-transformation
τorb = − 1
τL
. (4.21)
Finally, the genus-zero free energy of the large radius frame F0 and the orbifold frame F0
are related by
F0 +
pi2t
6
=
∫
dκ∂κt
(
∂tF0 +
pi2
6
)
=
∫
dκ
∂κ∂λF0
pi2
· 4pi2λ = −4(F0 − λ∂λF0). (4.22)
4.2 The case of (k,M) = (2, 0)
In this subsection, we write down the closed form expression of the grand partition functions
Ξ±(µ, 2, 0) of orientifold ABJ theory. As in [4, 5], we find that Ξ±(µ, 2, 0) are written
in terms of the Jacobi theta functions. Also, they have a nice property under modular
transformation, which enables us to find the expansion around the orbifold point κ → 0
and extract the canonical partition function at fixed N .
9The second relation in (4.20) can be rewritten as
∂tF0 = 4pi
2λ̂, λ̂ = λ− 1
24
.
As observed in [34], this shifted ’t Hooft parameter λ̂ naturally appears in the large λ expansion of the free
energy. However, we will not use λ̂ in this paper.
10We should emphasize that the s-plane in the Mellin-Barnes representation is an auxiliary object, and
the contour γ′ on the s-plane has nothing to do with the A-cycle and B-cycle on the mirror curve of local
P1 × P1.
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4.2.1 Ξ(µ, 2, 0)
Let us recall the grand partition function Ξ(µ, 2, 0) of ABJM theory [4] before projection
to R = ±1. In [4], it was found that the modified grand potential is essentially determined
by the genus-zero and genus-one data of the (refined) topological string on local P1 × P1.
The large µ expansion of the modified grand potential is given by [15]
J(µ, 2, 0) =
µ3
3pi2
+
µ
4
− ζ(3)
2pi2
+
[
4µ2 + 2µ+ 1
pi2
]
e−2µ +
[
−52µ
2 + µ+ 9/4
2pi2
+ 2
]
e−4µ
+
[
736µ2 − 304/3µ+ 154/9
3pi2
− 32
]
e−6µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
pi2
+ 466
]
e−8µ + · · · ,
(4.23)
where the first line corresponds to the perturbative part, while the remaining terms are
instanton corrections. As observed in [4], the terms with and without 1/pi2 coefficient,
which we call f0 and f1, respectively, have different origins. Accordingly, it is natural to
decompose the modified grand potential as
J(µ, 2, 0) = f0 + f1, (4.24)
where
f0 =
µ3
3pi2
− ζ(3)
2pi2
+
4µ2 + 2µ+ 1
pi2
e−2µ − 52µ
2 + µ+ 9/4
2pi2
e−4µ + · · · ,
f1 =
µ
4
+ 2e−4µ − 32e−6µ + 466e−8µ + · · · .
(4.25)
It turns out that f0 can be written in a closed form in terms of the genus-zero free energy
F0(t)
f0 =
1
4pi2
(
F0 − t∂tF0 + t
2
2
∂2t F0
)
. (4.26)
On the other hand, f1 is given by the sum of the genus-one free energies of the standard
topological string and the refined topological string in the Nekrasov-Shatashvili limit
f1 =
µ
4
+ F1 + F
NS
1 (4.27)
where the first term comes from the perturbative grand potential11. Explicit forms of F1
and FNS1 are given by [35–37]
F1 = − 1
12
log[z(1 + 16z)]− 1
2
log(−z∂zt),
FNS1 =
1
12
log z − 1
24
log(1 + 16z),
(4.28)
11Our definition of f1 includes the perturbative term µ/4, which is different from the definition of f1 in
[5].
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and the sum of them becomes
F1 + F
NS
1 = −
1
8
log(1 + 16z)− 1
2
log(−z∂zt). (4.29)
Note that −z∂zt is given by the complete elliptic integral (4.12). One can easily check that
(4.26) and (4.29) correctly reproduce the large µ expansion (4.25).
Modular expression of genus-one part. The genus-one free energies F1 and F
NS
1 have
a nice expression as modular forms. To see this, it is convenient to introduce τ by
τ = τL + 1 = i
K(1 + 16z)
K(−16z) . (4.30)
Using the formula in Appendix A, various quantities appearing in the genus-one free ener-
gies (4.28) can be written in terms of τ
− 16z = ϑ2(0, τ)
4
ϑ3(0, τ)4
, 1 + 16z =
ϑ4(0, τ)
4
ϑ3(0, τ)4
, −z∂zt = ϑ3(0, τ)2. (4.31)
Plugging (4.31) into (4.28), and using the expression of Dedekind eta function η(τ) in
(A.10), we recover the well known expression of the genus-one free energy of the standard
topological string
F1 = − log η(τ). (4.32)
In a similar manner, one can also show that12
F1 + F
NS
1 = −
1
2
log
[
ϑ3(0, τ)ϑ4(0, τ)
]
= − log ϑ4(0, 2τ). (4.33)
For later purposes, it is also convenient to rewrite the genus-one free energy in terms
of the original variable τL. We find
F1 + F
NS
1 = − log ϑ4(0, 2τL). (4.34)
The first term µ/4 in f1 (4.27) can also be written in terms of τL using (4.31)
µ
4
=
1
2
log
(
2ϑ4(0, τL)
ϑ2(0, τL)
)
. (4.35)
From (4.35) and (4.34), we find that f1 is written as
f1 = −1
2
log
[
ϑ2(0, τL)ϑ3(0, τL)
]
+
1
2
log 2 = − log ϑ2
(
0,
τL
2
)
+ log 2. (4.36)
12 (4.29) and (4.32) imply
FNS1 = − log
(
ϑ4(0, 2τ)
η(τ)
)
= − log
(
q−
1
24
∞∏
n=1
(1− q2n−1)
)
, (q = e2piiτ ).
This agrees with the result in [37] (note that G in [37] is equal to our −FNS1 ).
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Exact grand partition function. Once we find the modified grand potential, we can
construct the grand partition function by summing over the periodic shift µ → µ + 2piin
(2.5). As noticed in [4], using the relation
n3 − n
3
∈ 2Z (n ∈ Z), (4.37)
the n3 term coming from the cubic term µ
3
3pi2
in Jpert(µ, 2, 0) can be rewritten as a liner
term in n
exp
(
(2piin)3
3pi2
)
= exp
(
−8piin
3
)
= exp
(
−2piin
3
)
. (4.38)
Then, the summand in (2.5) is written as
eJ(µ+2piin,2,0) = eJ(µ,2,0)+2piin
2τL+4piinξL , (4.39)
and the periodic sum (2.5) becomes the Jacobi theta function
Ξ(µ, 2, 0) = eJ(µ,2,0)
∑
n∈Z
e2piin
2τL+4piinξL = eJ(µ,2,0)ϑ3(2ξL, 2τL), (4.40)
where τL is defined in (4.13) and ξL is given by
13
ξL =
t∂2t F0 − ∂tF0
4pi2
− 1
24
. (4.41)
Note that the constant term−1/24 in (4.41) comes from the 2piin-shift of µ/4 in Jpert(µ, 2, 0)
and (4.38)
1
2
(
1
4
− 1
3
)
= − 1
24
. (4.42)
Using the expression of f1 in (4.36), Ξ(µ, 2, 0) can also be written as
Ξ(µ, 2, 0) = ef0+f1ϑ3(2ξL, 2τL) = e
f0 2ϑ3(2ξL, 2τL)
ϑ2
(
0, τL2
) . (4.43)
As we will see below, the constant −1/24 in (4.41) is necessary for the grand partition
function to behave properly under the modular transformation. In fact, ξL can be written
as
ξL =
1
4pi2
(
t∂2t F0 − ∂tF0 −
pi2
6
)
, (4.44)
and the last two terms are exactly the B-period in (4.6). One can rewrite ξL in a form that
the modular property is more transparent. As in [38], by introducing the appropriately
normalized A-period ΠA and B-period ΠB
ΠA = − t
2
, ΠB =
1
2pii
(
∂tF0 +
pi2
6
)
, (4.45)
13τ and ξ in [4] and our τL and ξL are related by
τ = 2τL, ξ − 1
12
= 2ξL.
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ξL in (4.44) is written as
ξL =
1
2pii
(ΠB − τLΠA), (4.46)
with
τL =
dΠB
dΠA
. (4.47)
Also, one can show that f0 can be written in terms of ΠA and ΠB in (4.45) as
f0 =
1
2pii
(
2
∫
dΠAΠB − 2ΠAΠB + τLΠ2A
)
. (4.48)
After integration by parts, we find a surprisingly simple expression for f0
f0 =
∫
dτL
2pii
Π2A. (4.49)
In a similar manner, we can also rewrite ξL as
ξL = −
∫
dτL
2pii
ΠA. (4.50)
The integration constants in (4.49) and (4.50) should be fixed so that the large t expansions
of f0 and ξL are correctly reproduced
f0 =
t3
24pi2
− ζ(3)
2pi2
+
t2 + 2t+ 2
2pi2
e−t − 9(2t
2 + 2t+ 1)
8pi2
e−2t + · · · ,
ξL =
t2
8pi2
− 1
24
+
t+ 1
pi2
e−t − 9(2t+ 1)
4pi2
e−2t + · · · .
(4.51)
To understand the modular property of grand partition function better, it is desirable
to write f0 and ξL explicitly as modular forms. We find that the derivative of A-period
with respect to τL can be written in a closed form
∂ΠA
∂τL
=
pii
2
ϑ3(0, τL)
4ϑ4(0, τL)
2, (4.52)
but we could not find a closed form expression of ΠA itself. We leave this as an interesting
future problem.
S-transformation and orbifold expansion. As discussed in [4, 5], in order to find the
small κ expansion (orbifold expansion) of the grand partition function, we have to perform
the modular S-transformation. Indeed, the combination ef0+f1ϑ3(2ξL, 2τL) is exactly the
form of “non-perturbative partition function” proposed in [38] which has a nice modular
property. Using the S-transformation of theta function in (A.3), we find
Ξ(µ, 2, 0) = ef0+f1ϑ3
(
ξorb,
τorb
2
)
, (4.53)
where ξorb and τorb are given by
ξorb =
ξL
τL
, τorb = − 1
τL
= −dΠA
dΠB
, (4.54)
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and f0 and f1 in (4.53) are given by
f0 = f0 −
2piiξ2L
τL
, f1 = f1 −
1
2
log(−2iτL). (4.55)
One can easily show that ξorb is written as
ξorb = − 1
2pii
(
ΠA + τorbΠB
)
, (4.56)
where the two periods in the orbifold frame are given by
ΠB = −2piiλ, ΠA = −∂λF0
2pi2
. (4.57)
Also, one can show that f0 and ξorb can be recast in the same form as f0 in (4.49) and ξL
in (4.50), as expected
f0 =
∫
dτorb
2pii
Π2B, ξorb = −
∫
dτorb
2pii
ΠB, (4.58)
and the derivative of ΠB with respect to τorb is given by the S-transformation of (4.52)
∂ΠB
∂τorb
= −pi
2
ϑ2(0, τorb)
2ϑ3(0, τorb)
4. (4.59)
In terms of the orbifold free energy F0(λ), f0 and ξorb are written as
f0 = −
1
pi2
(
F0 − λ∂λF0 + λ
2
2
∂2λF0
)
, ξorb =
i
4pi3
(
λ∂2λF0 − ∂λF0
)
. (4.60)
For the genus-one part, we find
f1 = −
1
8
log
(
1 +
κ2
16
)
− 1
2
log(8pi∂κλ) = − log ϑ4(0, 2τorb). (4.61)
Note that ∂κλ is given by the complete elliptic integral (4.18). Interestingly, the difference
of the logarithmic derivative −z∂zt in (4.29) and the ordinary derivative ∂κλ in (4.61) is
compensated by the perturbative term µ/4 and the term −12 log(−2iτL) coming from the
S-transformation of theta function in (4.55). Also, it is interesting to observe that f1 in
(4.61) has a similar form as F1 + F
NS
1 in (4.29) and (4.34). Using the expression of f1 as
a theta function (4.61), the grand partition function can also be written as
Ξ(µ, 2, 0) = ef0
ϑ3
(
ξorb,
τorb
2
)
ϑ4(0, 2τorb)
. (4.62)
The small κ expansion of the grand partition function can be found from the expansion
of ξorb, τorb and f0
2piiξorb =
κ
2pi
− 7κ
3
1152pi
+ · · · ,
piiτorb = 2 log
κ
16
− κ
2
32
+
13κ4
16384
+ · · · ,
f0 =
κ2
32pi2
− κ
4
1536pi2
+ · · · .
(4.63)
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Putting all together, finally we find
Ξ(µ, 2, 0) = 1 +
κ
8
+
κ2
32pi2
+
10− pi2
512pi2
κ3 + · · · . (4.64)
The coefficient of κN (N = 1, 2, · · · ) correctly reproduces the canonical partition function
Z(N, 2, 0) of ABJM theory computed in [15].
4.2.2 Ξ±(µ, 2, 0)
In this subsection, we consider the closed form expression of Ξ±(µ, 2, 0). For even k, it is
convenient to redefine the constants in the perturbative part of grand potential as
A˜(k,M) = A(k,M) +
ζ(3)
pi2k
, A˜±(k,M) = A±(k,M) +
ζ(3)
2pi2k
, (4.65)
so that A˜(k,M) and A˜±(k,M) do not contain the term proportional to ζ(3).
From the results of Jnp± (µ, 2, 0) (B.1) in Appendix B, and the perturbative coefficients
A˜±(2, 0) = ∓1
2
log 2, B±(2, 0) =
1
8
± 1
4
, (4.66)
we find the modified grand potentials in closed forms
J±(µ, 2, 0) =
1
2
f0 + F1 + F
NS
1 +
µ
8
±
(
µ
4
+
1
8
log(1 + 16e−2µ)− 1
2
log 2
)
=
1
2
f0 + f1 − µ
8
± 1
8
log
(
1 +
e2µ
16
)
,
(4.67)
where f0 and f1 are defined in (4.26) and (4.27), respectively. Note that the constant
proportional to ζ(3) is contained in f0/2. After finding the modified grand potential in a
closed form, we are ready to perform the periodic sum (2.5) to construct the exact grand
partition function. As in the previous subsection 4.2.1, the n3 term coming from the µ
3
6pi2
term in the perturbative part can be rewritten as a linear term in n using (4.37)
exp
(
(2piin)3
6pi2
)
= exp
(
−4piin
3
)
= exp
(
2piin
3
)
. (4.68)
Again, we find that Ξ±(µ, k,M) is proportional to the theta function ϑ3(v, τL), where the
parameter v is given by
v =
(
ξL +
1
24
)
+
1
3
+B±(2, 0) = ξL +
1
2
± 1
4
. (4.69)
The first term ξL + 1/24 in (4.69) comes from the periodic shift of f0/2, while the sec-
ond term 1/3 and the third term B±(2, 0) come from (4.68) and the B±µ term in J
pert
± ,
respectively. Finally, we find the grand partition function in a closed form
Ξ±(µ, 2, 0) = eJ±(µ,2,0)ϑ3
(
ξL +
1
2
± 1
4
, τL
)
, (4.70)
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which can also be written as
Ξ+(µ, 2, 0) = e
J+(µ,2,0)ϑ4
(
ξL +
1
4
, τL
)
, Ξ−(µ, 2, 0) = eJ−(µ,2)ϑ3
(
ξL +
1
4
, τL
)
. (4.71)
We note in passing that all terms in J±(µ, 2, 0) (4.67), except for the genus-zero term f0/2,
can be written in terms of Jacobi theta functions, but the resulting expression is not so
illuminating. This is true for all other cases considered in this paper.
Using the identity (A.11) of theta functions in Appendix A, the product of Ξ±(µ, 2, 0)
becomes
Ξ+(µ, 2, 0)Ξ−(µ, 2, 0) = eJ+(µ,2,0)+J−(µ,2,0)ϑ4(0, 2τL)ϑ3(2ξL, 2τL). (4.72)
This should be equal to the grand partition function Ξ(µ, 2, 0) of ABJM theory. Comparing
(4.72) and (4.40), we find the difference between J+ + J− and J comes from ϑ4(0, 2τL)
J+(µ, 2, 0) + J−(µ, 2, 0)− J(µ, 2, 0) = − log ϑ4(0, 2τL) = F1 + FNS1 . (4.73)
From (4.23) and (B.1), one can easily check the small z expansion of F1 + F
NS
1 indeed
agrees with the difference of the modified grand potential.
Orbifold expansion. The small κ expansion of Ξ±(µ, 2, 0) can be found by perform-
ing the S-transformation of theta function, as in the previous subsection 4.2.1. This is
easily done by noticing that Ξ±(µ, 2, 0) in (4.70) can be written as a theta function with
characteristic (a, b) = (0,∓14)14
Ξ±(µ, 2, 0) = eJ±(µ,2,0)ϑ
[ 0
∓14
]
(ξL, τL). (4.74)
By the S-transformation, this becomes
Ξ±(µ, 2, 0) = eJ±(µ,2,0)ϑ
[±14
0
]
(ξorb, τorb) (4.75)
where J±(µ, 2, 0) is given by
J±(µ, 2, 0) = J(µ, 2, 0)− piiξ
2
L
τL
− 1
2
log(−iτL)
=
1
2
f0 + f1 +
1
2
log 2− 1
8
log κ± 1
8
log
(
1 +
κ2
16
)
.
(4.76)
Note that the 12 log 2 term in (4.76) appears from our definition of f1 in (4.55)
f1 − 1
2
log(−iτL) = f1 +
1
2
log 2. (4.77)
One can easily show that the theta function with characteristic (a, b) = (±14 , 0) in (4.75)
can also be written in terms of the Jacobi theta functions as
ϑ
[±14
0
]
(ξorb, τorb) =
1
2
(
ϑ2
(
ξorb
2
,
τorb
4
)
± iϑ1
(
ξorb
2
,
τorb
4
))
. (4.78)
14As did in [4, 5], one could find the small κ expansion of Ξ±(µ, 2, 0) using the identity (A.12) of Jacobi
theta functions, without using the theta function with characteristic.
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The −18 log κ term in (4.76) is precisely canceled by the factor epiiτorb/16 coming from the
theta function, and hence the fractional power of κ does not appear in the expansion of
Ξ±(µ, 2, 0), as expected. Finally, the small κ expansion of Ξ±(µ, 2, 0) is found to be
Ξ+(κ, 2, 0) = 1 +
pi + 2
16pi
κ+
3(pi − 2)2
512pi2
κ2 +
168 + 396pi − 58pi2 − 27pi3
73728pi3
κ3 + · · · ,
Ξ−(κ, 2, 0) = 1 +
pi − 2
16pi
κ+
12 + 12pi − 5pi2
512pi2
κ2 +
−168 + 396pi + 202pi2 − 99pi3
73728pi3
κ3 + · · · .
(4.79)
They correctly reproduce the exact values of Z±(N, 2, 0) computed in section 2.2.
4.3 The case of (k,M) = (2, 1)
4.3.1 Ξ(µ, 2, 1)
For even k with integral M , the effective chemical potential is given by [18, 19]
2µeff = 2µ− 4εe−2µ4F3
(
1, 1,
3
2
,
3
2
; 2, 2, 2; 16εe−2µ
)
, (4.80)
where ε is a sign
ε = (−1) k2−M . (4.81)
In the case of (k,M) = (2, 1), this sign is ε = +1 and the modulus in the large radius
frame is identified with z = −e−2µ. In this case, 2µeff is related to the A-period t in (4.10)
by the shift
µ→ µ+ pii
2
, (4.82)
but we have to subtract the imaginary part of − log z = 2µ+ pii in (4.10). Therefore, 2µeff
and the A-period t′ are related by
2µeff = t
′ − pii. (4.83)
Here and in what follows, we put prime to indicate the shift (4.82), except for the subtlety
in the genus-zero part as we will mention below.
Again, the modified grand potential can be written in a closed form. For the pertur-
bative part, we find
A˜(2, 1) =
1
2
log 2, B(2, 1) = 0, (4.84)
where A˜(k,M) is defined in (4.65). From the results in [18, 19], the modified grand potential
is given by
J(µ, 2, 1) = A˜(2, 1) + f ′0 + f
′
1 −
µ′
4
, (4.85)
where µ′ = µ+ pii/2.
The genus-zero part f ′0 is obtained from (4.49) by replacing
ΠA → −1
2
(t′ − pii) = Π′A +
pii
2
, (4.86)
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where Π′A = −t′/2. Thus we find15
f ′0 =
∫
dτ ′L
2pii
(
Π′A +
pii
2
)2
= f0(t
′)− piiξ′L +
pii
8
τ ′L, (4.87)
where ξ′L and τ
′
L are given by
ξ′L =
1
4pi2
(
t′∂tF0(t′)− ∂2t F0(t′)
)− 1
24
, τ ′L =
i
pi
∂2t F0(t
′). (4.88)
On the other hand, the genus-one part f ′1 is literally related to f1 (4.27) by the shift
µ→ µ+ pii/2
f ′1 = f1(t
′) = −1
8
log(1− 16e−2µ)− 1
2
log
(
2K(16e−2µ)
pi
)
+
µ′
4
. (4.89)
By performing the periodic sum (2.5), the grand partition function becomes a theta function
ϑ3(v, τ) with
v = 2
(
ξ′L +
1
24
)
− τ
′
L
2
− 1
4
− 1
3
= 2ξ′L −
τ ′L + 1
2
. (4.90)
Note that the first three terms correspond to the three terms in f ′0 (4.87), and the last
term −1/3 comes from (4.38). The τ -parameter in the theta function ϑ3(v, τ) is given by
τ = 2(τ ′L + 1), (4.91)
where the additional constant +2 comes from the second term −ipiξ′L in f ′0 (4.87). Then
the grand partition function becomes
Ξ(µ, 2, 1) = eJ(µ,2,1)ϑ3
(
2ξ′L −
τ ′L + 1
2
, 2τ ′L
)
= eJ(µ,2,1)ϑ4
(
2ξ′L −
τ ′L
2
, 2τ ′L
)
. (4.92)
As we will see below, the combination ξ′L − τ ′L/4 appearing in (4.92)
ξ′L −
τ ′L
4
= −
∫
dτ ′L
2pii
(
Π′A +
pii
2
)
, (4.93)
behave nicely under the S-transformation when combined with f ′0 in (4.87).
The small κ expansion can be found by performing the S-transformation
Ξ(µ, 2, 1) = eA˜(2,1)+f
′
0+f
′
1−µ
′
4 ϑ2
(
ξ′orb −
1
4
,
τ ′orb
2
)
, (4.94)
with
f
′
0 = f
′
0 −
2pii
τ ′L
(
ξ′L −
τ ′L
4
)2
= f0(t
′)− 2piiξ
′2
L
τ ′L
=
∫
dτ ′orb
2pii
(Π′B)
2, (4.95)
f
′
1 −
µ′
4
= −1
8
log
(
1− κ
2
16
)
− 1
2
log
(
2K(κ2/16)
pi
)
− 1
4
log(iκ). (4.96)
15Note that f ′0 6= f0(t′), so our notation of “prime” is not completely consistent for f ′0. We should
emphasize that this inconsistency of notation occurs only in f ′0.
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Again, the small κ expansion of Ξ(µ, 2, 1) does not contain the fractional power of κ, since
the −14 log(iκ) term in (4.96) is precisely canceled by the factor epiiτ
′
orb/8 coming from the
theta function ϑ2. Finally, the small κ expansion of Ξ(µ, 2, 1) is found to be
Ξ(µ, 2, 1) = 1 +
κ
4pi
+
pi2 − 8
128pi2
κ2 +
5pi2 − 48
4608pi3
κ3 + · · · · · · , (4.97)
which correctly reproduces the results of canonical partition function Z(N, 2, 1) of ABJ
theory computed in [18, 19].
4.3.2 Ξ±(µ, 2, 1)
Let us consider the grand partition function Ξ±(µ, 2, 1) of orientifold ABJ theory. From
(B.2) in Appendix B, we find that the modified grand potential J±(µ, 2, 1) can be written
in a closed form:
J±(µ, 2, 1) = A˜±(2, 1) +
1
2
f ′0 + f
′
1 −
µ′
4
±
(
µ
4
+
1
8
log
(
1 + 4e−µ
1− 4e−µ
))
, (4.98)
where the constant A˜±(2, 1) is given by
A˜±(2, 1) =
1
4
log 2∓ 3
4
log 2. (4.99)
Then, performing the periodic sum (2.5) we find that the grand partition function is pro-
portional to a theta function ϑ3(v, τ). The τ -parameter in ϑ3(v, τ) is given by
τ = τ ′L + 1, (4.100)
where the constant +1 comes from the second term in f ′0 (4.87), and the v-parameter is
given by
v =
[(
ξ′L +
1
24
)
− τ
′
L
4
− 1
8
]
+
1
3
± 1
4
= ξ′L −
τ ′L
4
+
1
4
± 1
4
. (4.101)
Note that the first three terms in v correspond to the three terms in f ′0 (4.87), while the
contribution 1/3 comes from (4.68), and the last term ±14 is the contribution of B±(2, 1) =
±14 . Finally, we find the closed form expressions of Ξ±(µ, 2, 1)
Ξ+(µ, 2, 1) = e
J+(µ,2,1)ϑ3
(
ξ′L −
τ ′L
4
+
1
2
, τ ′L + 1
)
= eJ+(µ,2,1)ϑ3
(
ξ′L −
τ ′L
4
, τ ′L
)
,
Ξ−(µ, 2, 1) = eJ−(µ,2,1)ϑ3
(
ξ′L −
τ ′L
4
, τ ′L + 1
)
= eJ−(µ,2,1)ϑ4
(
ξ′L −
τ ′L
4
, τ ′L
)
.
(4.102)
Now, using the identity (A.11) of theta functions, the product of Ξ±(µ, 2, 1) becomes
Ξ+(µ, 2, 1)Ξ−(µ, 2, 1) = eJ+(µ,2,1)+J−(µ,2,1)ϑ4
(
0, 2τ ′L
)
ϑ4
(
2ξ′L −
τ ′L
2
, 2τ ′L
)
. (4.103)
As in the case of (k,M) = (2, 0), comparing (4.103) and Ξ(µ, 2, 1) in (4.92), the difference
between J+ + J− and J can be attributed to the contribution of the factor ϑ4 (0, 2τ ′L),
J+(µ, 2, 1) + J−(µ, 2, 1)− J(µ, 2, 1) = − log ϑ4
(
0, 2τ ′L
)
. (4.104)
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Orbifold expansion. As in the previous subsection 4.3.1, the small κ expansion of
Ξ±(µ, 2, 1) can be found by performing the S-transformation:
Ξ+(µ, 2, 1) = e
J+(µ,2,1)ϑ3
(
ξ′orb −
1
4
, τ ′orb
)
,
Ξ−(µ, 2, 1) = eJ−(µ,2,1)ϑ2
(
ξ′orb −
1
4
, τ ′orb
)
,
(4.105)
where
J±(µ, 2, 1) = A˜±(2, 1) +
1
2
f
′
0 + f
′
1 +
1
2
log 2− 1
4
log(iκ)±
(
1
4
log(iκ) +
1
8
log
1 + κ4
1− κ4
)
.
(4.106)
Note that 12 log 2 term comes from the S-transformation and the definition of f1 in (4.55)
f ′1 −
1
2
log(−iτ ′L) = f ′1 +
1
2
log 2. (4.107)
Finally, the small κ expansion of Ξ±(µ, 2, 1) is found to be
Ξ+(µ, 2, 1) = 1 +
1
16
κ+
pi2 − 8
512pi2
κ2 +
−8− 32pi + 11pi2
8192pi2
κ3 + · · · ,
Ξ−(µ, 2, 1) = 1 +
4− pi
16pi
κ+
5pi2 − 8pi − 24
512pi2
κ2 +
−480 + 216pi + 404pi2 − 135pi3
73728pi3
κ3 + · · · ,
(4.108)
which correctly reproduces the exact computation of Z±(N, 2, 1) in section 2.2.
5 Exact grand partition functions for k = 4
For k = 4, thanks to the Seiberg-like duality (2.21), it is sufficient to consider the cases
with M = 0, 1, 2. As observed in [5], the grand partition functions of k = 4 ABJ theories
are related to Ξ±(µ, 2,M) obtained in the previous section 4
Ξ(µ, 4, 0) = Ξ+(µ, 2, 1) = e
J+(µ,2,1)ϑ3
(
ξ′L −
τ ′L
4
, τ ′L
)
,
Ξ(µ, 4, 1) = Ξ−(µ, 2, 0) = eJ−(µ,2,0)ϑ3
(
ξL +
1
4
, τL
)
,
Ξ(µ, 4, 2) = Ξ−(µ, 2, 1) = eJ−(µ,2,1)ϑ4
(
ξ′L −
τ ′L
4
, τ ′L
)
.
(5.1)
We have checked that the small κ expansion of the right hand side of (5.1) correctly
reproduces the known canonical partition functions Z(N, k,M) of ABJ(M) theory at k = 4
computed in [15, 18, 19]. Note that (5.1) implies that the modified grand potential on the
both sides of (5.1) are equal:
J(µ, 4, 0) = J+(µ, 2, 1), J(µ, 4, 1) = J−(µ, 2, 0), J(µ, 4, 2) = J−(µ, 2, 1). (5.2)
In this section we will find the closed form expressions of the grand partition function
Ξ±(µ, 4,M) of orientifold ABJ theory with M = 0, 1, 2.
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5.1 Ξ±(µ, 4, 0)
In this subsection, we will write down the closed form expression of Ξ±(µ, 4, 0). In this
case the sign in (4.81) is ε = +1, and the effective chemical potential is 2µeff = t
′ − pii as
in the case of (k,M) = (2, 1). The constants in the perturbative part are given by
A˜±(4, 0) = −1
4
log 2∓ 1
2
log 2, B±(4, 0) =
1
8
± 1
4
. (5.3)
From the results (B.3) in Appendix B, the modified grand potential can be found in a
closed form
J±(µ, 4, 0) = A˜±(4, 0)+
1
4
f ′0+f
′
1−
1
8
log(1−4e−µ)−µ
′
4
+
µ
8
±
(
µ
4
+
1
4
log(1− 4e−µ)
)
. (5.4)
By performing the periodic sum, the grand partition function becomes the Jacobi theta
function ϑ3(v, τ) with the τ -parameter
τ =
τ ′L + 1
2
. (5.5)
The constant 1/2 comes from the second term of f ′0 in (4.87). Using (4.37), the n3 term
coming from the perturbative part µ
3
12pi2
is rewritten as a linear term in n
exp
(
(2piin)3
12pi2
)
= exp
(
−2piin
3
)
. (5.6)
Then, the parameter v in the theta function is found to be
v =
1
2
[(
ξ′L +
1
24
)
− τ
′
L
4
− 1
8
]
− 1
3
+B±(4, 0) =
ξ′L
2
− τ
′
L
8
− 1
4
± 1
4
, (5.7)
and we arrive at the following form of the exact grand partition functions
Ξ±(µ, 4, 0) = eJ±(µ,4,0)ϑ3
(
ξ′L
2
− τ
′
L
8
− 1
4
± 1
4
,
τ ′L + 1
2
)
. (5.8)
From the property of theta functions in Appendix A, they can be also written as
Ξ+(µ, 4, 0) = e
J+(µ,4,0)ϑ3
(
ξ′L
2
− τ
′
L
8
,
τ ′L + 1
2
)
, Ξ−(µ, 4, 0) = eJ−(µ,4,0)ϑ4
(
ξ′L
2
− τ
′
L
8
,
τ ′L + 1
2
)
.
(5.9)
Then using the identity in (A.11), the product of Ξ±(µ, 4, 0) becomes
Ξ+(µ, 4, 0)Ξ−(µ, 4, 0) = eJ+(µ,4,0)+J−(µ,4,0)ϑ3(0, τ ′L)ϑ3
(
ξ′L −
τ ′L
4
, τ ′L
)
(5.10)
which is indeed proportional to Ξ(µ, 4, 0) in (5.1). The difference of modified grand poten-
tial J+ + J− and J(µ, 4, 0) comes from the factor ϑ3(0, τ ′L)
J+(µ, 4, 0) + J−(µ, 4, 0)− J(µ, 4, 0) = − log ϑ3(0, τ ′L)
= −1
4
log(1− 16e−2µ)− 1
2
log
(
2
pi
K(16e−2µ)
)
.
(5.11)
From the results in (B.3) and [15, 39], one can check that this indeed reproduces the
difference between J+ + J− and J .
– 35 –
Orbifold expansion. The small κ expansion of Ξ±(µ, 4, 0) can be found, again, by
performing the S-transformation. However, before doing the S-transformation, we have to
rewrite the theta function ϑa(v, τ) in such a way that the τ parameter is proportional to
τ ′L. Using the identity (A.12) in Appendix A, we find
Ξ±(µ, 4, 0) = eJ±(µ,4,0)
[
ϑ3
(
ξ′L −
τ ′L
4
, 2(τ ′L + 1)
)
± ϑ2
(
ξ′L −
τ ′L
4
, 2(τ ′L + 1)
)]
= eJ±(µ,4,0)
[
ϑ3
(
ξ′L −
τ ′L
4
, 2τ ′L
)
± iϑ2
(
ξ′L −
τ ′L
4
, 2τ ′L
)]
.
(5.12)
Now we are ready to perform the S-transformation. We get
Ξ±(µ, 4, 0) = eJ±(µ,4,0)
[
ϑ3
(
ξ′orb
2
− 1
8
,
τ ′orb
2
)
± iϑ4
(
ξ′orb
2
− 1
8
,
τ ′orb
2
)]
, (5.13)
where J±(µ, 4, 0) is given by
J±(µ, 4, 0) = A˜±(4, 0) +
1
4
f
′
0 + f
′
1 −
1
8
log (4− κ)±
(
1
4
log (4− κ) + pii
4
)
. (5.14)
One can easily find the small κ expansion of (5.13)
Ξ+(µ, 4, 0) = 1 +
−1 + 2√2
32
κ+
−16 + 32√2pi − (7 + 4√2)pi2
2048pi2
κ2 + · · · ,
Ξ−(µ, 4, 0) = 1 +
3− 2√2
32
κ+
−16− 32√2pi + (33− 12√2)pi2
2048pi2
κ2 + · · · ,
(5.15)
which correctly reproduces the exact computation of Z±(N, 4, 0) in section 2.2.
5.2 Ξ±(µ, 4, 2)
Next we consider Ξ±(µ, 4, 2). In this case, the sign in (4.81) is ε = +1, hence the expression
of modified grand potential is similar to the (k,M) = (4, 0) case in the previous subsection
5.1. The constants in the perturbative part are given by
A˜±(4, 2) =
1
2
log 2±
(
1
4
log 2 + log
(
sin
pi
8
))
, B±(4, 2) = −1
8
± 1
4
. (5.16)
From the results (B.5) in Appendix B, the modified grand potential can be found in a
closed form
J±(µ, 4, 2) = A˜±(4, 2)+
1
4
f ′0+f
′
1−
1
8
log(1+4e−µ)−µ
′
4
−µ
8
±
(
µ
4
+
1
4
log(1 + 4e−µ)
)
. (5.17)
By performing the periodic sum (2.5), the grand partition function becomes the Jacobi
theta function ϑ3(v, (τ
′
L + 1)/2) with
v =
1
2
[(
ξ′L +
1
24
)
− τ
′
L
4
− 1
8
]
− 1
3
+B±(4, 2) =
ξ′L
2
− τ
′
L
8
− 1
2
± 1
4
. (5.18)
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Then, we arrive at the following closed form expression of the grand partition functions
Ξ±(µ, 4, 2) = eJ±(µ,4,2)ϑ4
(
ξ′L
2
− τ
′
L
8
± 1
4
,
τ ′L + 1
2
)
, (5.19)
which can be also written as
Ξ+(µ, 4, 2) = e
J+(µ,4,2)ϑ3
(
ξ′L
2
− τ
′
L
8
− 1
4
,
τ ′L + 1
2
)
,
Ξ−(µ, 4, 2) = eJ−(µ,4,2)ϑ4
(
ξ′L
2
− τ
′
L
8
− 1
4
,
τ ′L + 1
2
)
.
(5.20)
Using the identity (A.11), the product of Ξ±(µ, 4, 2) becomes
Ξ+(µ, 4, 2)Ξ−(µ, 4, 2) = eJ+(µ,4,2)+J−(µ,4,2)ϑ3(0, τ ′L)ϑ4
(
ξ′L −
τ ′L
4
, τ ′L
)
, (5.21)
which should be equal to Ξ(µ, 4, 2) in (5.1). Again, the difference between J+ + J− and
J(µ, 4, 2) comes from the factor ϑ3(0, τ
′
L)
J+(µ, 4, 2) + J−(µ, 4, 2)− J(µ, 4, 2) = − log ϑ3(0, τ ′L). (5.22)
Orbifold expansion. The small κ expansion of Ξ±(µ, 4, 2) can be found by rewriting
them in a similar manner as in the previous subsection 5.1:
Ξ±(µ, 4, 2) = eJ±(µ,4,2)
[
ϑ3
(
ξ′L −
τ ′L
4
± 1
2
, 2(τ ′L + 1)
)
− ϑ2
(
ξ′L −
τ ′L
4
± 1
2
, 2(τ ′L + 1)
)]
= eJ±(µ,4,2)
[
ϑ4
(
ξ′L −
τ ′L
4
, 2τ ′L
)
± iϑ1
(
ξ′L −
τ ′L
4
, 2τ ′L
)]
.
(5.23)
Then, performing the S-transformation, we find
Ξ±(µ, 4, 2) = eJ±(µ,4,2)
[
ϑ2
(
ξ′orb
2
− 1
8
,
τ ′orb
2
)
∓ ϑ1
(
ξ′orb
2
− 1
8
,
τ ′orb
2
)]
, (5.24)
where J±(µ, 4, 2) is given by
J±(µ, 4, 2) = A˜±(4, 2) +
1
4
f
′
0 + f
′
1 −
1
8
log (4 + κ)− 1
4
log(iκ)± 1
4
log (4 + κ) . (5.25)
The small κ expansion of Ξ±(µ, 4, 2) in (5.24) reads
Ξ+(µ, 4, 2) = 1 +
4− 4√2 + pi
32pi
κ+
−32− 8(−1 +√2)pi + (−7 + 8√2)pi2
2048pi2
κ2 + · · · ,
Ξ−(µ, 4, 2) = 1 +
4 + 4
√
2− 3pi
32pi
κ+
−32− 24(1 +√2)pi + (33− 8√2)pi2
2048pi2
κ2 + · · · ,
(5.26)
which correctly reproduces the exact computation of Z±(N, 4, 2) in section 2.2.
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5.3 Ξ±(µ, 4, 1)
Here we consider Ξ±(µ, 4, 1). This case is similar to the (k,M) = (2, 0) case in the previous
section 4 with sign ε = −1. The constants in the perturbative part are given by
A˜±(4, 1) =
1
4
log 2∓ log 2, B±(4, 1) = − 1
16
± 1
4
. (5.27)
From the results (B.4) in Appendix B, the modified grand potential can be found in a
closed form
J±(µ, 4, 1) = A˜±(4, 1) +
1
4
f0 + f1 − µ
4
− µ
16
± µ
4
. (5.28)
One can easily show that the grand partition function is proportional to ϑ3(v, τL) with
v =
1
2
(
ξL +
1
24
)
− 1
3
+B±(4, 1) =
ξL
2
− 3
8
± 1
4
. (5.29)
Finally, we find the following form of the exact grand partition functions
Ξ+(µ, 4, 1) = e
J+(µ,4,1)ϑ3
(
ξL
2
− 1
8
,
τL
2
)
,
Ξ−(µ, 4, 1) = eJ−(µ,4,1)ϑ4
(
ξL
2
− 1
8
,
τL
2
)
.
(5.30)
Again, the product of Ξ±(µ, 4, 1) can be simplified by using (A.11) in Appendix A as
Ξ+(µ, 4, 1)Ξ−(µ, 4, 1) = eJ+(µ,4,1)+J−(µ,4,1)ϑ4(0, τL)ϑ3
(
ξL +
1
4
, τL
)
, (5.31)
which is indeed proportional to Ξ(µ, 4, 1) in (5.1). The difference between J+ + J− and
J(µ, 4, 1) comes from ϑ4(0, τL) in (5.31)
J+(µ, 4, 1) + J−(µ, 4, 1)− J(µ, 4, 1) = − log ϑ4(0, τL) = −1
2
log
(
2
pi
K(−16e−2µ)
)
. (5.32)
Orbifold expansion. The small κ expansion of Ξ±(µ, 4, 1) can be easily found by rewrit-
ing (5.30) in terms of the theta function with characteristic
Ξ±(µ, 4, 1) = eJ±(µ,4,1)ϑ
[ 0
1
8 ∓ 14
](ξL
2
,
τL
2
)
= eJ±(µ,4,1)ϑ
[−18 ± 14
0
]
(ξorb, 2τorb). (5.33)
where J±(µ, 4, 1) are given by
J±(µ, 4, 1) = A˜±(4, 1) +
1
4
f0 + f1 + log 2−
5
16
log κ± 1
4
log κ. (5.34)
Note that log 2 term comes from
f1 − 1
2
log
(
−iτL
2
)
= f1 + log 2. (5.35)
The small κ expansion of Ξ±(µ, 4, 1) is easily found from (5.33)
Ξ+(µ, 4, 1) = 1 +
1
16pi
κ+
10− pi2
1024pi2
κ2 +
78− 121pi2 + 36pi3
147456pi3
κ3 + · · · ,
Ξ−(µ, 4, 1) = 1 +
pi − 3
16pi
κ+
26 + 20pi − 9pi2
1024pi2
κ2 +
−126 + 174pi + 193pi2 − 75pi3
49152pi3
κ3 + · · · ,
(5.36)
which correctly reproduces the exact computation of Z±(N, 4, 1) in section 2.2.
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6 Exact grand partition functions for k = 8
For k = 8, up to Seiberg-like duality (2.21) the independent grand partition functions are
Ξ±(µ, 8,M) with M = 0, 1, · · · , 4. We find that the grand partition functions at k = 8 are
qualitatively different from the k = 2, 4 cases studied in the previous sections 4 and 5. In
the case of k = 8, the worldsheet instanton part of the modified grand potential receives
all order corrections in the genus expansion. In general, it is hopeless to sum over all order
corrections, but somewhat miraculously for the k = 8 case the all-order corrections in the
genus expansion can be resummed in a closed form.
6.1 Ξ±(µ, 8, 1)
Let us first consider Ξ±(µ, 8, 1). The constants in the perturbative part are given by
A˜±(8, 1) = −1
8
log 2∓ 5
4
log 2, B±(8, 1) = − 1
32
± 1
4
. (6.1)
From the results in (B.6), we find the modified grand potential in a closed form
J±(µ, 8, 1) = j±(µ, 8, 1) + logGo(µ). (6.2)
Here j±(µ, 8, 1) represents the perturbative part and the membrane instanton corrections
j±(µ, 8, 1) = A˜±(8, 1) +
1
8
f0 + f1 − µ
4
− µ
32
± µ
4
. (6.3)
On the other hand, logGo(µ) term in (6.2) represents the worldsheet instanton corrections.
Note that the worldsheet 1-instanton factor for k = 8 is
e−
4µ
k = e−
µ
2 . (6.4)
By looking at the worldsheet instanton coefficients in (B.6) for the first few instanton
numbers, one can easily guess the all order resummation of such worldsheet instanton
corrections
Go(µ) =
(
1 + 2
√
2e−
µ
2 + 4e−µ
1− 2√2e−µ2 + 4e−µ
) 1
8
. (6.5)
In the periodic sum (2.5), we find that the summand can be written as
eJ±(µ+2piin) = Go(µ+ 2piin)e
j±(µ,8,1)+piin
2
4
τL+2piinv, (6.6)
where v is given by
v =
1
4
(
ξL +
1
24
)
− 1
6
+B±(8, 1) =
ξL
4
− 3
16
± 1
4
. (6.7)
Above, the second term −1/6 comes from the 2piin-shift of perturbative part µ3
24pi2
exp
(
(2piin)3
24pi2
)
= exp
(
−2piin
6
)
. (6.8)
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Since Go(µ) is only invariant under the 4pii-shift
Go(µ+ 2pii) = Go(µ)
−1, Go(µ+ 4pii) = Go(µ), (6.9)
we have to consider the periodic sum (2.5) with even n and odd n separately. Finally, we
find the closed from expression of Ξ±(µ, 8, 1)
Ξ±(µ, 8, 1) = ej±(µ,8,1)
(
Go(µ)ϑ
[ 0
−38 ± 12
](ξL
2
, τL
)
+Go(µ)
−1ϑ
[ 1
2
−38 ± 12
](ξL
2
, τL
))
.
(6.10)
Let us consider the small κ expansion of Ξ±(µ, 8, 1). By performing the S-transformation,
we find
Ξ±(µ, 8, 1) = ej±(µ,8,1)
(
Go(µ)ϑ
[3
8 ∓ 12
0
](ξorb
2
, τorb
)
+ epii(−
3
8
± 1
2
)Go(µ)
−1ϑ
[3
8 ∓ 12
1
2
](ξorb
2
, τorb
))
,
(6.11)
where j±(µ, 8, 1) is given by
j±(µ, 8, 1) = A˜±(8, 1) +
1
8
f0 + f1 +
1
2
log 2− 9
32
log κ± 1
4
log κ. (6.12)
Now it is straightforward to find the small κ expansion of (6.11)
Ξ+(µ, 8, 1) = 1 +
−2 + pi
64pi
κ+
36− 4pi + (16√2− 25)pi2
8192pi2
κ2 + · · · ,
Ξ−(µ, 8, 1) = 1 +
−2 + (4√2− 5)pi
64pi
κ+
36 + 4
(
5 + 28
√
2
)
pi +
(
40
√
2− 117)pi2
8192pi2
κ2 + · · · ,
(6.13)
which indeed reproduces the exact values of Z±(N, 8, 1) computed in section 2.2.
A few comments are in order here:
1. Ξ±(µ, 8, 1) is a sum of two theta functions multiplied by some factor G±1o , and
Ξ±(µ, 8, 1) cannot be simply written as a single theta function. This is qualita-
tively different from the expression of the grand partition functions at k = 2, 4. This
also implies that the zeros of the grand partition function Ξ±(µ, 8, 1) = 0, which de-
termines the exact quantization condition for the spectrum of the kernel ρ±, cannot
be simply expressed as the zeros of the Jacobi theta function ϑ3(v, τ) as in the case of
k = 2, 4 studied in [5]. As we will see below, this is also the case for (k,M) = (8, 3),
and we believe this is a general phenomenon for k 6= 1, 2, 4.
2. The grand partition function Ξ(µ, 8, 1) of ABJ theory is given by the product of
Ξ±(µ, 8, 1)
Ξ(µ, 8, 1) = Ξ+(µ, 8, 1)Ξ−(µ, 8, 1), (6.14)
but it is difficult to rewrite this product in a simple form and extract the modi-
fied grand potential J(µ, 8, 1) in a closed form. This suggests that for general k,
Ξ±(µ, k,M) and J±(µ, k,M) are more simpler than Ξ(µ, k,M) and J(µ, k,M), and
we should regard Ξ±(µ, k,M) as the fundamental building block.
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3. Although the small κ expansion of worldsheet instanton factor Go(µ) includes a
square root of κ
Go(µ) =
(
κ+ 2
√
2κ+ 4
κ− 2√2κ+ 4
) 1
8
= 1 +
√
κ
4
√
2
+
κ
64
− 5κ
√
κ
256
√
2
+ · · · , (6.15)
such terms κn+1/2 (n = 0, 1, 2, · · · ) are canceled by adding the two terms in (6.11),
and the small κ expansion of grand partition function Ξ±(µ, 8, 1) only includes the
integer powers of κ, as it should be.
4. This factor Go(µ) can be written as a modular form
Go(µ) =
[
ϑ2(0, τL)
2 +
√
2ϑ2(0, τL)ϑ4(0, τL) + ϑ4(0, τL)
2
ϑ2(0, τL)2 −
√
2ϑ2(0, τL)ϑ4(0, τL) + ϑ4(0, τL)2
] 1
8
=
[
ϑ3
(
τL+1
4
)
ϑ3
(
τL−1
4
)
ϑ4
(
τL+1
4
)
ϑ4
(
τL−1
4
)] 18 .
(6.16)
Note that Go(µ) is invariant under the S-transformation τL → τorb = −1/τL and
T 8 : τL → τL + 8. It would be interesting to understand the modular property of
Ξ±(µ, 8, 1) better.
6.2 Ξ±(µ, 8, 3)
Next let us consider Ξ±(µ, 8, 3). The computation is almost parallel to the Ξ±(µ, 8, 1)
case studied in the previous subsection 6.1. For (k,M) = (8, 3), the constants in the
perturbative part are given by
A˜±(8, 3) =
1
8
log 2− log
(
sin
pi
8
)
±
(
−1
2
log 2 + log
(
sin
pi
8
))
, B±(8, 3) = − 9
32
± 1
4
. (6.17)
Again, from the results in (B.7) we can write down the modified grand potential in a closed
form
J±(µ, 8, 3) = j±(µ, 8, 3)− logGo(µ), (6.18)
where Go(µ) is the same function (6.5) appeared in J±(µ, 8, 1), and j±(µ, 8, 3) is given by
j±(µ, 8, 3) = A˜±(8, 3) +
1
8
f0 + f1 − µ
4
− 9µ
32
± µ
4
. (6.19)
Under the shift µ→ µ+ 2piin, the summand in the periodic sum in (2.5) becomes
eJ±(µ+2piin,8,3) = Go(µ+ 2piin)
−1ej±(µ,8,3)+
piin2
4
τL+2piinv (6.20)
where v is given by
v =
1
4
(
ξL +
1
24
)
− 1
6
+B±(8, 3) =
ξL
4
− 7
16
± 1
4
. (6.21)
Finally, by performing the periodic sum (2.5) for even n and odd n separately, we arrive
at the closed form expression of grand partition functions
Ξ±(µ, 8, 3) = ej±(µ,8,3)
(
Go(µ)
−1ϑ
[ 0
−78 ± 12
](ξL
2
, τL
)
+Go(µ)ϑ
[ 1
2
−78 ± 12
](ξL
2
, τL
))
.
(6.22)
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The small κ expansion can be found by doing the S-transformation
Ξ±(µ, 8, 3) = ej±(µ,8,3)
(
Go(µ)
−1ϑ
[7
8 ∓ 12
0
](ξorb
2
, τorb
)
+ epii(−
7
8
± 1
2
)Go(µ)ϑ
[7
8 ∓ 12
1
2
](ξorb
2
, τorb
))
,
(6.23)
where
j±(µ, 8, 3) = A˜±(8, 1) +
1
8
f0 + f1 +
1
2
log 2− 17
32
log κ± 1
4
log κ, (6.24)
and the small κ expansion of Ξ±(µ, 8, 3) reads
Ξ+(µ, 8, 3) = 1 +
6 + (1− 2√2)pi
64pi
κ+
68 + 4
(
3 + 10
√
2
)
pi +
(
20
√
2− 57)pi2
8192pi2
κ2 + · · · ,
Ξ−(µ, 8, 3) = 1 +
−26− 16√2 + (7 + 6√2)pi
64pi
κ+
196 + 64
√
2 + 20
(
1 + 2
√
2
)
pi +
(
28
√
2− 93)pi2
8192pi2
κ2 + · · · .
(6.25)
One can show that this agrees with the computation of Z±(N, 8, 3) in section 2.2.
6.3 Ξ±(µ, 8, 0)
Then let us move on to the even M case. In this case, the sign ε in (4.81) is (−1)k/2−M = 1
and the natural variable is t′ in (4.83).
In this subsection we consider the (k,M) = (8, 0) case. From the results in (B.9), we
find the closed form of modified grand potential
J±(8, 0) = j±(8, 0) + logGe(µ), (6.26)
where logGe(µ) denotes the worldsheet instanton corrections
logGe(µ) =
1
2
arcsinh(2e−
µ
2 ), (6.27)
and j±(8, 0) is given by
j±(8, 0) = A˜±(8, 0) +
f ′0
8
+ f ′1 −
µ′
4
+
3µ
16
− 1
8
log(1− 4e−µ)− 3
16
log(1 + 4e−µ)±
(
µ
4
+
1
4
log(1 + 4e−µ)
)
.
(6.28)
From this exact form of modified grand potential, we can construct the exact grand parti-
tion function by performing the periodic sum (2.5). As in the case of (k,M) = (8, 1), (8, 3)
in the previous subsections, the worldsheet instanton factor Ge(µ) in (6.27) is not invariant
under the 2pii-shift of µ but invariant under the 4pii-shift. Therefore, we have to devide the
summation into two parts. In a similar manner as in the previous subsections, we arrive
at the exact form of Ξ±(8, 0)
Ξ±(8, 0) = ej±(8,0)
[
Ge(µ)ϑ
[ 0
±12
](ξ′L
2
− τ
′
L
8
, τ ′L + 1
)
+Ge(µ)
−1ϑ
[ 1
2
±12
](ξ′L
2
− τ
′
L
8
, τ ′L + 1
)]
= ej±(8,0)
[
Ge(µ)ϑ3
(ξ′L
2
− τ
′
L
8
, τ ′L
)
∓ epii4 Ge(µ)−1ϑ1
(ξ′L
2
− τ
′
L
8
, τ ′L
)]
.
(6.29)
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The small κ expansion can be found by performing the S-transformation
Ξ±(8, 0) = ej±(8,0)
[
Geϑ3
(ξ′orb
2
− 1
8
, τ ′orb
)
∓ iepii4 Ge−1κ 12ϑ1
(ξ′orb
2
− 1
8
, τ ′orb
)]
, (6.30)
where
Ge = exp
(
1
2
log(2 +
√
κ+ 4)
)
, (6.31)
and
j±(8, 0) = A˜±(8, 0) +
f
′
0
8
+ f
′
1 +
1
2
log 2− 1
8
log(κ− 4)− 3
16
log(κ+ 4)± 1
4
log(κ+ 4).
(6.32)
Finally we find
Ξ+(8, 0) = 1 +
1
64
(
5− 4
√
2−
√
2
)
κ+
(
17− 32√2− 8
√
2−√2
8192
− 1
256pi2
+
√
2 +
√
2
128pi
)
κ2 + · · ·
Ξ−(8, 0) = 1 +
1
64
(
4
√
2−
√
2− 3
)
κ+
(
129− 32√2− 56
√
2−√2
8192
− 1
256pi2
−
√
2 +
√
2
128pi
)
κ2 + · · · .
(6.33)
6.4 Ξ±(µ, 8, 4)
Let us consider Ξ±(8, 4). From the result in (B.11), we find the closed form of modified
grand potential
J±(8, 4) = j±(8, 4)− logGe(µ) (6.34)
where Ge(µ) is the same function in (6.27) appeared in the (k,M) = (8, 0) case, and j±(8, 4)
is given by
j±(8, 4) = A˜±(8, 4) +
f ′0
8
+ f ′1 −
µ′
4
− 5µ
16
− 1
8
log(1− 4e−µ)− 3
16
log(1 + 4e−µ)±
(
µ
4
+
1
4
log(1 + 4e−µ)
)
.
(6.35)
By performing the periodic sum (2.5), we find the exact form of grand partition function
as
Ξ±(8, 4) = ej±(8,4)
[
G−1e ϑ
[ 0
−1± 12
](ξ′L
2
− τ
′
L
8
, τ ′L + 1
)
+Geϑ
[ 1
2
−1± 12
](ξ′L
2
− τ
′
L
8
, τ ′L + 1
)]
= ej±(8,4)
[
G−1e ϑ3
(ξ′L
2
− τ
′
L
8
, τ ′L
)
± epii4 Geϑ1
(ξ′L
2
− τ
′
L
8
, τ ′L
)]
.
(6.36)
Again, the small κ expansion can be found by the S-transformation
Ξ±(8, 4) = ej±(8,4)
[
Ge
−1
ϑ3
(ξ′orb
2
− 1
8
, τ ′orb
)
± iepii4 Geκ− 12ϑ1
(ξ′orb
2
− 1
8
, τ ′orb
)]
, (6.37)
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where Ge is defined in (6.31) and j±(8, 4) is given by
j±(8, 4) = A˜±(8, 4) +
f
′
0
8
+ f
′
1 +
1
2
log 2− 1
8
log(κ− 4)− 3
16
log(κ+ 4)± 1
4
log(κ+ 4).
(6.38)
Finally, we find the small κ expansion of Ξ±(8, 4)
Ξ+(8, 4) = 1 +
sin pi16 sin
3pi
16
sin2 pi8
[
1
64
(
10− 5
√
2 + 2 sin
(pi
8
))
− 1
4
√
2pi
]
κ
+
sin pi16 sin
3pi
16
sin2 pi8
[
− 5
256
√
2pi
+
−6 + 3√2− 2 sin (pi8 )
256pi2
+
(
82− 64√2) sin (pi8 )− 81 (√2− 2)
8192
]
κ2 + · · · ,
Ξ−(8, 4) = 1 +
1
sin2 pi8 sin
pi
16 sin
3pi
16
[
1
64pi
+
1
512
(
−3 + 3
√
2− 7
√
2 sin
(pi
8
))]
κ
+
1
sin2 pi8 sin
pi
16 sin
3pi
16
[
− 3
4096pi
+
−3 + 3√2−√2 sin (pi8 )
2048pi2
+
(
217
√
2− 64) sin (pi8 )− 193 (√2− 1)
65536
]
κ2 + · · · .
(6.39)
6.5 Ξ±(µ, 8, 2)
Let us consider Ξ±(8, 2). From the result in (B.10), we find the closed form of modified
grand potential
J±(8, 2) = A˜±(8, 2) +
f ′0
8
+ f ′1 −
pii
8
− 7µ
16
− 1
8
log(1 + 4e−µ)− 3
16
log(1− 4e−µ)±
(
µ
4
+
1
4
log(1− 4e−µ)
)
.
(6.40)
Interestingly, in this case the modified grand potential J±(8, 2) is invariant under the 2pii-
shift of µ, and the periodic sum is written as a single theta function
Ξ+(8, 2) = e
J+(8,2)ϑ3
(
ξ′L
4
− τ
′
L
16
− 1
8
,
τ ′L + 1
4
)
,
Ξ−(8, 2) = eJ−(8,2)ϑ4
(
ξ′L
4
− τ
′
L
16
− 1
8
,
τ ′L + 1
4
)
.
(6.41)
Using the formula of theta function in Appendix A, the product of Ξ+(8, 2) and Ξ−(8, 2)
can be rewritten as
Ξ(8, 2) = eJ+(8,2)+J−(8,2)ϑ4
(
0,
τ ′L + 1
2
)
ϑ4
(
ξ′L
2
− τ
′
L
8
− 1
4
,
τ ′L + 1
2
)
. (6.42)
One can show that this is equal to Ξ−(4, 2) in (5.20), as conjectured in [5]
Ξ(8, 2) = Ξ−(4, 2) = eJ−(4,2)ϑ4
(
ξ′L
2
− τ
′
L
8
− 1
4
,
τ ′L + 1
2
)
. (6.43)
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The small κ expansion of Ξ±(8, 2) can be found by performing the S-transformation
Ξ±(8, 2) = eJ±(8,2)
[
ϑ3
(
ξ′L
2
− τ
′
L
8
− 1
4
, τ ′L + 1
)
± ϑ2
(
ξ′L
2
− τ
′
L
8
− 1
4
, τ ′L + 1
)]
= eJ±(8,2)
(
ϑ
[0
1
4
](ξ′L
2
− τ
′
L
8
, τ ′L
)
± epii4 ϑ
[ 1
2
−14
](ξ′L
2
− τ
′
L
8
, τ ′L
))
= eJ±(8,2)
(
ϑ
[−14
0
](ξ′orb
2
− 1
8
, τ ′orb
)
± ϑ
[1
4
1
2
](ξ′orb
2
− 1
8
, τ ′orb
))
,
(6.44)
where J±(8, 2) is given by
J±(8, 2) = A˜± +
f
′
0
8
+ f
′
1 +
1
2
log 2 +
pii
16
− µ
8
− 1
8
log(4 + κ)− 3
16
log(4− κ)±
(
−pii
4
+
1
4
log(4− κ)
)
.
(6.45)
Finally, we find
Ξ+(8, 2) = 1 +
 1
64
(
4
√
2 +
√
2− 7
)
+
1 +
√
2− 2
√
1 + 1√
2
16pi
κ
+
65− 24√2 +√2
8192
− 3
512pi2
+
3
(
−5− 5√2 +
√
52 + 34
√
2
)
1024pi
κ2 + · · · ,
Ξ−(8, 2) = 1 +
 1
64
(
1− 4
√
2 +
√
2
)
+
1 +
√
2 +
√
2
(
2 +
√
2
)
16pi
κ
+
5
(
29− 8
√
2 +
√
2
)
8192
− 3
512pi2
+
−7− 7√2− 2
√
37− 23√
2
1024pi
κ2 + · · · .
(6.46)
6.6 Comment on the k = 6 case
For k = 3, 6, 12, we find the instanton expansion of grand potential from the exact values of
Z±(N, k,M), which is summarized in Appendix B. For these cases, however, it is difficult to
find the closed form expression of the modified grand potential. In particular, it is difficult
to resum the series of worldsheet instanton corrections, since these corrections come from
all genera in the string coupling expansion with gs = 2/k. However, for k = 6, we find that
the membrane instanton corrections of the form e−2nµ (n = 1, 2, · · · ) can be resummed in
a closed form. The terms with 1/pi2 coefficient is given by the genus-zero free energy, as in
the case of k = 2, 4
1
6
f0 (even M), or
1
6
f ′0 (odd M). (6.47)
We find that the terms without 1/pi2 coefficient can be also written in closed forms. For
even M we find
J±(6,M)
∣∣∣
e−2nµ
= −2
9
log(1 + 16e−2µ)− 2
3
log
[ 2
pi
K(−16e−2µ)
]
± 1
8
log(1 + 16e−2µ), (6.48)
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while for odd M we find
J±(6,M)
∣∣∣
e−2nµ
= −2
9
log(1− 16e−2µ)− 2
3
log
[ 2
pi
K(16e−2µ)
]
. (6.49)
Suppose we have managed to sum over the worldsheet instanton corrections to the
grand potential, which we denote as logW (µ). For definiteness, let us consider the (k,M) =
(6, 0) case. In this case, the perturbative coefficients are given by
A˜±(6, 0) = −1
3
log 3± 1
2
log 2, B±(6, 0) =
11
72
± 1
4
(6.50)
and the modified grand potential can be written as
J±(µ, 6, 0) = j±(6, 0) + logW (µ), (6.51)
where j±(6, 0) includes the perturbative part and the membrane instanton corrections
j±(6, 0) = A˜±(6, 0) +
1
6
f0 +B±(6, 0)µ
− 2
9
log(1 + 16e−2µ)− 2
3
log
[ 2
pi
K(−16e−2µ)
]
± 1
8
log(1 + 16e−2µ).
(6.52)
From the results in (B.14), logW (µ) has the following expansion
logW (µ) =
2
3
e−
2µ
3 − 17
9
e−
8µ
3 +
2
15
e−
10µ
3 +
2776
189
e−
14µ
3 + · · · . (6.53)
On the other hand, the worldsheet instanton corrections (and bound states with membrane
instantons) of ABJM theory at k = 6 is [15]
JWS(µ, 6, 0) =
4
3
e−
2µ
3 − 2e− 4µ3 + 88
9
e−
8µ
3 +
108
5
e−
10µ
3 +
25208
189
e−
14µ
3 + · · · , (6.54)
which is different from 2 logW (µ)
JWS(µ, 6, 0) 6= 2 logW (µ). (6.55)
This suggests that the worldsheet instanton corrections in the orientifold ABJ theory receive
additional contributions from the orientifolding.
From (6.51), we can consider the possible form of the exact grand partition function
Ξ±(µ, 6, 0) by performing the periodic sum (2.5). Since W (µ) is not invariant under the
2pii-shift of µ but invariant under the 6pii-shift, we have to decompose the periodic sum
(2.5) into three parts according to n modulo 3. Then, we find
Ξ±(µ, 6, 0) = ej±(µ,6,0)
∑
r=0,1,2
e−
4piir3
9 W (µ+ 2piir)ϑ
[ r
3
3B±(6, 0) + 124
](
ξL, 3τL
)
. (6.56)
This is similar to the structure of Ξ±(µ, 8,M = 0, 1, 3, 4) in the previous subsections. Also,
we speculate that the factor W (µ) can be written as a modular form, as in the case of G(µ)
for k = 8. For general even k, the worldsheet 1-instanton factor is given by
e−
4µ
k ∝
[
ϑ2(0, τL)
ϑ4(0, τL)
] 8
k
, (6.57)
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and we expect that W (µ) is invariant under the modular transformation S and T k : τL →
τL + k. It would be interesting to find the closed form expression of the function W (µ).
Also, we have detailed data of instanton coefficients for k = 3 (see Appendix B.4). It would
be nice to find the closed form expression of the modified grand potential for k = 3.
7 Functional relations
In [5], it was conjectured that the grand partition functions of orientifold ABJ theory satisfy
certain functional relations. These relations involve grand partition functions at fixed k
but M differing by ±1. The first relation is
Ξ++(k, 1)Ξ
−
+(k, 1) +
eµ
4k
Ξ+−(k, 1)Ξ
−
−(k, 1) = Ξ(k, 0). (7.1)
Here we suppressed the µ-dependence of grand partition functions and introduced the
notation f± for a function of µ
f± = f
(
µ± pii
2
)
. (7.2)
The second set of relations is
e−
piiM
2k Ξ++(k,M − 1)Ξ−−(k,M + 1) + e
piiM
2k Ξ−+(k,M − 1)Ξ+−(k,M + 1)
= 2 cos
(piM
2k
)
Ξ(k,M),
(7.3)
e
piiM
2k Ξ++(k,M + 1)Ξ
−
−(k,M − 1)− e−
piiM
2k Ξ−+(k,M + 1)Ξ
+
−(k,M − 1)
= 2i sin
(piM
2k
)
Ξ(k,M).
(7.4)
Following [5], we will call these relations “quantum Wronskian relations”. Using our exact
data of Z±(N, k,M), for k = 2, 3, 4, 6, we have checked that these relations are indeed
satisfied in the small κ expansion.
We first notice that the perturbative part of grand potential J±(k,M) is consistent with
those relations. For the first relation (7.1), the perturbative part J±,pert(k, 1) appearing in
the left hand side is
J±,pert =
µ3
3pi2k
+
(
B(k, 1)
2
± 1
4
)
µ+A±(k, 1), (7.5)
with
A±(k, 1) =
1
2
Ac(k) +
1
4
log k ∓ 1
4
log(4k). (7.6)
One can show that
J++,pert(k, 1) + J
−
+,pert(k, 1)− Jpert(k, 0) = − log 2,
J+−,pert(k, 1) + J
−
−,pert(k, 1)− Jpert(k, 0) = − log 2− µ+ log(4k),
(7.7)
which implies that the perturbative part satisfies the relation (7.1)
eJ
+
+,pert(k,1)+J
−
+,pert(k,1) +
eµ
4k
eJ
+
−,pert(k,1)+J
−
−,pert(k,1) = eJpert(k,0). (7.8)
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Next consider the quantum Wronskian relations (7.3) and (7.4), at the level of pertur-
bative part. We find that the constant term satisfies
A+(k,M − 1) +A−(k,M + 1)−A(k,M) = − log
(
2 sin
piM
2k
)
,
A+(k,M + 1) +A−(k,M − 1)−A(k,M) = − log
(
2 cos
piM
2k
)
,
(7.9)
and the perturbative grand potential satisfies
J++,pert (k,M − 1) + J−−,pert (k,M + 1)− Jpert(k,M) = +
pii
2
(
1− M
k
)
− log
(
2 sin
piM
2k
)
,
J−+,pert (k,M − 1) + J+−,pert (k,M + 1)− Jpert(k,M) = −
pii
2
(
1− M
k
)
− log
(
2 sin
piM
2k
)
,
J++,pert (k,M + 1) + J
−
−,pert (k,M − 1)− Jpert(k,M) = +
piiM
2k
− log
(
2 cos
piM
2k
)
,
J−+,pert (k,M + 1) + J
+
−,pert (k,M − 1)− Jpert(k,M) = −
piiM
2k
− log
(
2 cos
piM
2k
)
.
(7.10)
From these relations (7.10), one can show that the perturbative part satisfies the quantum
Wronskian relations (7.3) and (7.4)
e−
piiM
2k
+J++,pert(k,M−1)+J−−,pert(k,M+1) + e
piiM
2k
+J−+,pert(k,M−1)+J+−,pert(k,M+1) = 2 cos
(piM
2k
)
eJpert(k,M),
e
piiM
2k
+J++,pert(k,M+1)+J
−
−,pert(k,M−1) − e−piiM2k +J−+,pert(k,M+1)+J+−,pert(k,M−1) = 2i sin
(piM
2k
)
eJpert(k,M).
(7.11)
We would like to show that not only the perturbative part, but also the exact grand parti-
tion functions including the instanton corrections, indeed satisfy the functional relations.
In [5], it is found that the the exact grand partition function at k = 1 satisfies the rela-
tion (7.1). In this section, we will prove the functional relations (7.1), (7.3), and (7.4) for
k = 2, 4 using the exact from of grand partition functions obtained in the previous sections.
7.1 Proof of functional relations for k = 2
In this subsection we will show the functional relations (7.1), (7.3), and (7.4) for k = 2.
Interestingly, they all follow from an identity N2(τ) = 1 proved in Appendix A.1.
7.1.1 Functional relation (7.1) for k = 2
Let us first consider the first relation (7.1) for k = 2. For readers convenience, let us recall
the exact expression of grand partition functions appearing in the relation (7.1)
Ξ(2, 0) = eJ(2,0)ϑ3 (2ξL, 2τL) ,
Ξ+(2, 1) = e
J+(2,1)ϑ3
(
ξ′L −
τ ′L
4
, τ ′L
)
, Ξ−(2, 1) = eJ−(2,1)ϑ4
(
ξ′L −
τ ′L
4
, τ ′L
)
,
(7.12)
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and the modified grand potentials are given by
J(2, 0) = f0 + f1,
J±(2, 1) = A˜±(2, 1) +
1
2
f ′0 + F
′
1 + F
NS′
1 ±
(
µ
4
+
1
8
log
(
1 + 4e−µ
1− 4e−µ
))
.
(7.13)
Note that F ′1 = F1(t′) and FNS
′
1 = F
NS
1 (t
′).
First, let us consider the transformation of the modified grand potential J±(2, 1) under
the shift µ → µ ± pii/2. As discussed in [5], the genus-zero and genus-one free energies
transforms as
(f ′0)
+ + (f ′0)
− = 2f0 − 1
4
∂2t F0,
(F ′1 + F
NS′
1 )
+ + (F ′1 + F
NS′
1 )
− = 2(F1 + FNS1 ).
(7.14)
Using these relations (7.14) we find
J++ (2, 1) + J
−
+ (2, 1)− J(2, 0) = − log 2 + F1 + FNS1 −
1
8
(∂2t F0 − 2µ)
J+− (2, 1) + J
−
− (2, 1)− J(2, 0) = − log 2− µ+ log(8) + F1 + FNS1 −
1
8
(∂2t F0 − 2µ).
(7.15)
In the first line of (7.15), the first term on the right hand side comes from the perturbative
part (7.7), and the remaining terms comes from (7.14). Note that the linear term in µ in
the first line of (7.15) is canceled on the left hand side, hence on the right hand side we
subtracted the linear term from ∂2t F0 so that
∂2t F0 − 2µ = O(e−2µ). (7.16)
The origin of the last term in the second line of (7.15) is similar. Also, note that the
“half-instanton” contribution JR,np(2, 1) in (3.62)
JR,np(2, 1) =
1
4
log
(
1 + 4e−µ
1− 4e−µ
)
(7.17)
vanishes by adding the ±pii/2 shift in (7.15)
JR,np(2, 1)+ + JR,np(2, 1)− = 0. (7.18)
Next, let us consider the transformation of theta functions under the shift µ→ µ±pii/2.
Using the relation
ξ′+L = ξL +
τL
2
− 1
2
, τ ′+L = τL − 2,
ξ′−L = ξL, τ
′−
L = τL,
(7.19)
we find
Ξ±+(2, 1) = e
J±+ (2,1)ϑ3
(
ξL ± τL
4
, τL
)
, Ξ±−(2, 1) = e
J±− (2,1)ϑ4
(
ξL ± τL
4
, τL
)
. (7.20)
– 49 –
Then, as discussed in [5], using the formula (A.14) one can rewrite the the product of
Ξ±±(2, 1) appearing on the left hand side of the relation (7.1) as
Ξ++(2, 1)Ξ
−
+(2, 1) =e
J++ (2,1)+J
−
+ (2,1)
[
ϑ3 (2ξL, 2τL)ϑ3
(τL
2
, 2τL
)
+ ϑ2 (2ξL, 2τL)ϑ2
(τL
2
, 2τL
)]
,
Ξ+−(2, 1)Ξ
−
−(2, 1) =e
J+− (2,1)+J
−
− (2,1)
[
ϑ3 (2ξL, 2τL)ϑ3
(τL
2
, 2τL
)
− ϑ2 (2ξL, 2τL)ϑ2
(τL
2
, 2τL
)]
.
(7.21)
One can easily see that the first term in (7.21) is proportional to Ξ(2, 0), and the ϑ2 terms
in (7.21) are canceled by adding the two lines in (7.21) with the proper weight in the
functional relation (7.1). Finally, we arrive at the desired functional relation (7.1)
Ξ++(2, 1)Ξ
−
+(2, 1) +
eµ
8
Ξ+−(2, 1)Ξ
−
−(2, 1) = N2(τL)Ξ(2, 0), (7.22)
up to a factor N2(τL)16
N2(τL) = ef1− 18∂2t F0ϑ3
(τL
2
, 2τL
)
= ef1q
1
16
L ϑ3
(τL
2
, 2τL
)
, (7.23)
where qL = e
2piiτL . Using the expression of f1 in (4.36), we find that N2(τL) can be written
as
N2(τL) =
 2q 18Lϑ3 ( τL2 , 2τL)2
ϑ2(0, τL)ϑ3(0, τL)
 12 . (7.24)
One can show that this factor is actually unity N2(τL) = 1 (see Appendix A.1 for a proof),
which implies that the functional relation (7.1) is indeed satisfied for k = 2.
7.1.2 Quantum Wronskian relation (7.3) for k = 2
Let us consider the quantum Wronskian relation (7.3) for k = 2,M = 1
e−
pii
4 Ξ++(2, 0)Ξ
−
−(2, 0) + e
pii
4 Ξ−+(2, 0)Ξ
+
−(2, 0) =
√
2Ξ(2, 1). (7.25)
In the case of k = 2,M = 1, the second quantum Wronskian relation (7.4) is equivalent to
the first quantum Wronskian relation (7.3), therefore it is sufficient to consider (7.3) only.
Again, for readers convenience we recall the exact expression of the grand partition
functions appearing in (7.25)
Ξ(2, 1) = eJ(2,1)ϑ4
(
2ξ′L −
τ ′L
2
, 2τ ′L
)
,
Ξ+(2, 0) = e
J+(2,0)ϑ4
(
ξL +
1
4
, τL
)
, Ξ−(2, 0) = eJ−(2,0)ϑ3
(
ξL +
1
4
, τL
)
,
(7.26)
and the modified grand potentials are given by
J(2, 1) = A˜(2, 1) + f ′0 + F
′
1 + F
NS′
1 ,
J±(2, 0) = A˜±(2, 0) +
1
2
f0 + F1 + F
NS
1 +
µ
8
±
(
µ
4
+
1
8
log(1 + 162−2µ)
)
.
(7.27)
16The same factor N2(τL) appeared in the proof of the functional relation (7.1) for k = 1 [5].
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As in the previous subsection 7.1.1, one can show that the modified grand potential satisfy
J++ (2, 0) + J
−
− (2, 0)− J(2, 1) = −
1
2
log 2 +
pii
4
+ F ′1 + F
NS′
1 −
1
8
(
∂2t F0(t
′)− 2µ′) ,
J−+ (2, 0) + J
+
− (2, 0)− J(2, 1) = −
1
2
log 2− pii
4
+ F ′1 + F
NS′
1 −
1
8
(
∂2t F0(t
′)− 2µ′) . (7.28)
The first two terms come from the perturbative part and remaining terms come from the
transformation of f0 and F1 + F
NS
1 as in (7.14). Next we consider the transformation of
the theta function part. From the relation
ξ+L = ξ
′
L, τ
+
L = τ
′
L,
ξ−L = ξ
′
L −
τ ′L
2
− 1
2
, τ−L = τ
′
L + 2,
(7.29)
we find
Ξ++(2, 0) = e
J++ (2,0)ϑ3
(
ξ′L −
1
4
, τ ′L
)
, Ξ−−(2, 0) = e
J−− (2,0)ϑ3
(
ξ′L −
τ ′L
2
− 1
4
, τ ′L
)
,
Ξ+−(2, 0) = e
J−+ (2,0)ϑ4
(
ξ′L −
1
4
, τ ′L
)
, Ξ−+(2, 0) = e
J−+ (2,0)ϑ4
(
ξ′L −
τ ′L
2
− 1
4
, τ ′L
)
.
(7.30)
Again, using the formula (A.14) one can show that the functional relation (7.25) holds up
to the same factor N2(τ ′L) in (7.23), with a simple replacement of the argument τL → τ ′L in
(7.23). From the identity N2(τ ′L) = 1 proved in Appendix A.1, we find that the functional
relation (7.25) is indeed satisfied for k = 2.
7.2 Proof of functional relations for k = 4
In this subsection we will show the functional relations (7.1), (7.3), and (7.4) for k = 4. As
in the case of k = 2, these relations all follow from a single identity N4(τ) = 1 proved in
Appendix A.2.
7.2.1 Functional relation (7.1) for k = 4
To prove the functional relation (7.1) for k = 4, let us recall the exact form of the grand
partition functions appearing in (7.1)
Ξ(4, 0) = eJ(4,0)ϑ3
(
ξ′L −
τ ′L
4
, τ ′L
)
,
Ξ+(4, 1) = e
J+(4,1)ϑ3
(
ξL
2
− 1
8
,
τL
2
)
, Ξ−(4, 1) = eJ−(4,1)ϑ4
(
ξL
2
− 1
8
,
τL
2
)
,
(7.31)
and the modified grand potentials are given by
J(4, 0) = A˜(4, 0) +
1
2
f ′0 + F
′
1 + F
NS′
1 +
µ
4
+
1
8
log
(
1 + 4e−µ
1− 4e−µ
)
,
J±(4, 1) = A˜±(4, 1) +
1
4
f0 + F1 + F
NS
1 −
µ
16
± µ
4
.
(7.32)
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First, the transformation of modified grand potentials under the shift µ→ µ±pii/2 is given
by
J++ (4, 1) + J
−
+ (4, 1)− J(4, 0) = − log 2 + F ′1 + FNS
′
1 −
1
16
(
∂2t F0(t
′)− 2µ′)− 1
8
log
(
1 + 4e−µ
1− 4e−µ
)
,
J+− (4, 1) + J
−
− (4, 1)− J(4, 0) = −µ− log(32) + F ′1 + FNS
′
1 −
1
16
(
∂2t F0(t
′)− 2µ′)− 1
8
log
(
1 + 4e−µ
1− 4e−µ
)
.
(7.33)
Next, we consider the transformation of the theta functions. Using (7.29), we get
Ξ++(4, 1) = e
J++ (4,1)ϑ3
(
ξ′L
2
− 1
8
,
τ ′L
2
)
, Ξ−+(4, 1) = e
J−+ (4,1)ϑ3
(
ξ′L
2
− τ
′
L
2
+
1
8
,
τ ′L
2
)
,
Ξ+−(4, 1) = e
J+− (4,1)ϑ4
(
ξ′L
2
− 1
8
,
τ ′L
2
)
, Ξ−−(4, 1) = e
J−− (4,1)ϑ4
(
ξ′L
2
− τ
′
L
2
+
1
8
,
τ ′L
2
)
,
(7.34)
and the product of grand partition functions can be simplified by using the identity of
theta functions (A.14)
Ξ+±(4, 1)Ξ
−
±(4, 1)
=eJ
+
± (4,1)+J
−
± (4,1)
[
ϑ3
(
ξ′L −
τ ′L
4
, τ ′L
)
ϑ3
(
τ ′L − 1
4
, τ ′L
)
± ϑ2
(
ξ′L −
τ ′L
4
, τ ′L
)
ϑ2
(
τ ′L − 1
4
, τ ′L
)]
.
(7.35)
Again, the first term is proportional to Ξ(4, 0) and the ϑ2 terms are canceled by adding
the two terms in the functional relation (7.1). Finally, we find that the functional relation
(7.1) is satisfied up to a factor N4(τ ′)
Ξ++(4, 1)Ξ
−
+(4, 1) +
eµ
16
Ξ+−(4, 1)Ξ
−
−(4, 1) = N4(τ ′)Ξ(4, 0), (7.36)
where τ ′ = τ ′L + 1 and N4(τ ′) is given by
N4(τ ′) = exp
[
F ′1 + F
NS′
1 +
piiτ ′
16
+
µ
8
− 1
8
log
(
1 + 4e−µ
1− 4e−µ
)]
ϑ3
(
τ ′
4
, τ ′
)
. (7.37)
Using the relation
16e−2µ =
ϑ2(0, τ
′)4
ϑ3(0, τ ′)4
, (7.38)
and the expression of F1 + F
NS
1 in (4.33), N4(τ ′) is rewritten as
N4(τ ′) =
[
(q′)
1
8
ϑ3(0, τ ′)2ϑ4(0, τ ′)2
2ϑ3(0, τ
′)
ϑ2(0, τ ′)
[
ϑ3(0, τ
′)2 − ϑ2(0, τ ′)2
ϑ3(0, τ ′)2 + ϑ2(0, τ ′)2
] 1
2
ϑ3
(
τ ′
4
, τ ′
)4] 14
, (7.39)
with q′ = e2piiτ ′ . One can show that N4(τ ′) = 1 (see Appendix A.2 for a proof), and the
functional relation (7.1) is indeed satisfied for k = 4.
– 52 –
7.2.2 Quantum Wronskian relation (7.3) for k = 4,M = 2
Let us consider the quantum Wronskian relation (7.3) for the k = 4,M = 2 case:
e−
pii
4 Ξ++(4, 1)Ξ
−
−(4, 1) + e
pii
4 Ξ−+(4, 1)Ξ
+
−(4, 1) =
√
2Ξ(4, 2). (7.40)
Here we have used the Seiberg-like duality Ξ±(4, 3) = Ξ±(4, 1). Again, we recall the exact
grand partition functions
Ξ(4, 2) = eJ(4,2)ϑ4
(
ξ′L −
τ ′L
4
, τ ′L
)
,
Ξ+(4, 1) = e
J+(4,1)ϑ3
(
ξL
2
− 1
8
,
τL
2
)
, Ξ−(4, 1) = eJ−(4,1)ϑ4
(
ξL
2
− 1
8
,
τL
2
)
,
(7.41)
and the modified grand potentials
J(4, 2) = A˜(4, 2) +
1
2
f ′0 + F
′
1 + F
NS′
1 −
µ
4
− 1
8
log
1 + 4e−µ
1− 4e−µ ,
J±(4, 1) = A˜±(4, 1) +
1
4
f0 + F1 + F
NS
1 −
µ
16
± µ
4
.
(7.42)
Let us consider the first term on the left hand side of in (7.40). From the transformation
of ξL and τL in (7.29), we find
Ξ++(4, 1) = e
J++ (4,1)ϑ3
(
ξ′L
2
− 1
8
,
τ ′L
2
)
, Ξ−−(4, 1) = e
J−− (4,1)ϑ3
(
ξ′L
2
− τ
′
L
4
− 3
8
,
τ ′L
2
)
, (7.43)
and the product of Ξ++(4, 1) and Ξ
−
−(4, 1) is simplified by using (A.14) as
Ξ++(4, 1)Ξ
−
−(4, 1)
=eJ
+
+ (4,1)+J
−
− (4,1)
[
ϑ3
(
ξ′L −
τ ′L
2
− 1
2
, τ ′L
)
ϑ3
(
τ ′L + 1
4
, τ ′L
)
+ ϑ2
(
ξ′L −
τ ′L
2
− 1
2
, τ ′L
)
ϑ2
(
τ ′L + 1
4
, τ ′L
)]
.
(7.44)
Here the modified grand potentials satisfy
J++ (4, 1)+J
−
− (4, 1)−J(4, 2) =
pii
4
−1
2
log 2+F ′1+F
NS′
1 −
1
16
(
∂2t F0(t
′)−2µ′
)
+
1
8
log
(
1 + 4e−µ
1− 4e−µ
)
.
(7.45)
Also, we can rewrite the second term on the left hand side in (7.40) in a similar form as
(7.44). Finally, adding the two terms in (7.40), we find that the functional relation (7.40)
is satisfied up to a factor N˜4(τ ′)
e−
pii
4 Ξ++(4, 1)Ξ
−
−(4, 1) + e
pii
4 Ξ−+(4, 1)Ξ
+
−(4, 1) =
√
2N˜4(τ ′)Ξ(4, 2), (7.46)
where the factor N˜4(τ ′) is given by
N˜4(τ ′) = exp
[
F ′1 + F
NS′
1 +
piiτ ′
16
+
µ
8
+
1
8
log
(
1 + 4e−µ
1− 4e−µ
)]
ϑ4
(
τ ′
4
, τ ′
)
. (7.47)
It turns out that this factor N˜4(τ ′) is related to the factor N4(τ ′) in (7.39) by a shift of the
argument τ ′ → τ ′ + 2:
N˜4(τ ′) = N4(τ ′ + 2). (7.48)
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From the identity N4(τ) = 1 proved in Appendix A.2, we find that the quantum Wronskian
relation (7.3) is satisfied for k = 4,M = 2. In a similar manner, one can show that the
second quantum Wronskian relation (7.4) is also satisfied for k = 4,M = 2.
7.2.3 Quantum Wronskian relation (7.3) for k = 4,M = 1
Next, we would like to prove the quantum Wronskian relation (7.3) for k = 4,M = 1
e−
pii
8 Ξ++(4, 0)Ξ
−
−(4, 2) + e
pii
8 Ξ−+(4, 0)Ξ
+
−(4, 2) = 2 cos
pi
8
Ξ(4, 1), (7.49)
where the exact grand partition functions are given by
Ξ(4, 1) = eJ(4,1)ϑ3
(
ξL +
1
4
, τL
)
,
Ξ+(4, 0) = e
J+(4,0)ϑ3
(
ξ′L
2
− τ
′
L
8
,
τ ′L + 1
2
)
,
Ξ−(4, 2) = eJ+(4,2)ϑ4
(
ξ′L
2
− τ
′
L
8
− 1
4
,
τ ′L + 1
2
)
,
(7.50)
and the modified grand potentials are
J(4, 1) = A˜(4, 1) +
1
2
f0 + F1 + F
NS
1 −
µ
8
− 1
8
log(1 + 16e−2µ),
J+(4, 0) = A˜+(4, 0) +
1
4
f ′0 + F
′
1 + F
NS′
1 +
3µ
8
+
1
8
log(1− 4e−µ),
J−(4, 2) = A˜+(4, 2) +
1
4
f ′0 + F
′
1 + F
NS′
1 −
3µ
8
− 3
8
log(1 + 4e−µ).
(7.51)
Let us consider the first term on the left hand side of (7.49). Using the transformation of
ξL and τL in (7.19), we find
Ξ++(4, 0) = e
J++ (4,0)ϑ4
(
ξL
2
+
τL
8
,
τL + 1
2
)
, Ξ−−(4, 2) = e
J−− (4,2)ϑ4
(
ξL
2
− τL
8
− 1
4
,
τL + 1
2
)
.
(7.52)
Using the identity of theta functions (A.14) again, the product of grand partition functions
can be rewritten as
Ξ++(4, 0)Ξ
−
−(4, 2)
=eJ
+
+ (4,0)+J
−
− (4,2)
[
ϑ3
(
ξL − 1
4
, τL + 1
)
ϑ3
(τ
4
, τ
)
− ϑ2
(
ξL − 1
4
, τL + 1
)
ϑ2
(τ
4
, τ
)]
,
(7.53)
with τ = τL+1. The second term on the left hand side of (7.49) can be rewritten similarly.
Finally, using the relation of the grand potentials
J++ (4, 0)+J
−
− (4, 2)−J(4, 1) =
3pii
8
−log
(
2 sin
pi
8
)
+F1+F
NS
1 −
1
16
(∂2t F0−2µ)+
1
8
log
1− 4ie−µ
1 + 4ie−µ
,
(7.54)
one can show that the functional relation (7.3) holds up to the same factor N4(τ) as (7.39),
where the argument is simply replaced τ ′ → τ in (7.39). From the identity N4(τ) = 1,
we find that the functional relation (7.3) is indeed satisfied for k = 4,M = 1. Also, we
can prove the second quantum Wronskian relation (7.4) for k = 4,M = 1 in a completely
parallel way.
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7.3 Comments on other k’s
For other values of k’s we do not have a general proof of the relations (7.1), (7.3), and (7.4).
However, we can check these relations by comparing the small κ expansion on both sides
using our data of the exact values of Z±(N, k,M) and the known values of the canonical
partition functions Z(N, k,M) of ABJ(M) theories computed in [15, 18, 19]. We find a
complete agreement for k = 3, 6. On the other hand, for k = 8, 12 the exact values of
ABJ(M) partition functions Z(N, k,M) are not known in the literature. Rather, assuming
that the functional relations are correct, we can predict the values of Z(N, k,M) with
k = 8, 12 for all 0 ≤ M ≤ k using the functional relations. We have checked that those
values of Z(N, k,M) for k = 8, 12 obtained in this manner are all consistent with the
conjectured modified grand potential (2.8) given by the free energy of (refined) topological
string on local P1 × P1 [2].
As shown in (6.43), the grand partition function Ξ(8, 2) of (k,M) = (8, 2) ABJ theory
is equal to Ξ−(4, 2). On the other hand, the functional relation (7.3) predicts that Ξ(8, 2)
is given by
Ξ(8, 2) =
1
2 cos pi8
[
e−
pii
8 Ξ++(8, 1)Ξ
−
−(8, 3) + e
pii
8 Ξ−+(8, 1)Ξ
+
−(8, 3)
]
. (7.55)
Plugging the small κ expansion of Ξ+(8, 1) (6.13) and Ξ−(8, 3) (6.25) into this functional
relation (7.55), we get
Ξ(8, 2) = 1 +
4 + 4
√
2− 3pi
32pi
κ+
−32− 24 (1 +√2)pi + (33− 8√2)pi2
2048pi2
κ2 + · · · , (7.56)
which indeed agrees with the expansion of Ξ−(4, 2) in (5.26).
8 Conclusion
In this paper, we have studied the orientifolding of the ABJ Fermi gas by projecting to the
even/odd sectors under the reflection of fermion coordinate. Ξ−(µ, k, 0) and Ξ+(µ, k, 1)
are indeed related to the N = 5 O(n) × USp(n′) theories, and we expect that more
general cases Ξ±(µ, k,M) are also related to M-theory on some orientifold background.
It would be interesting to understand the spacetime picture (if any) for the general cases
Ξ±(µ, k,M) and study the precise relation between the reflection of fermion coordinate
and the orientifolding of spacetime. The relation to the orientifold is also suggested by the
appearance of non-orientable contribution Fnon-ori in the constant term A±(k,M) (2.38) in
the perturbative part of grand potential.
The grand potential of orientifold ABJ theory receives three types of instanton correc-
tions (2.45): worldsheet instantons, membrane instantons, and “half-instantons”. We find
that the half-instanton corrections come from the twisted spectral trace Tr(ρsR), and we
determined the first few half-instanton coefficients in closed forms (3.60) as functions of k
and b = M/k. We also observed that the coefficients of worldsheet instanton corrections
are different from the worldsheet instanton coefficients of ABJ theory before orientifolding.
It would be interesting to understand the structure of worldsheet instantons in orientifold
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ABJ theory better, and see if they have some relation to the “real topological string” on
the local P1 × P1 [40, 41].
For k = 2, 4, 8 we have found the closed form expression of the grand partition function
of orientifold ABJ theory in terms of the theta functions, and we have also checked for
k = 2, 4 that the functional relations conjectured in [5] are indeed satisfied. We found
that the structure of grand partition function at k = 8 is qualitatively different from the
cases of k = 2, 4. For k = 2, 4, the modified grand potentials are basically determined by
the genus-zero and genus-one free energies, while for the k = 8 case the modified grand
potentials receives all genus corrections in the string coupling expansion. Nevertheless, we
have managed to find the closed form expression of the all order resummation of worldsheet
instanton corrections Go(µ) in (6.5) and Ge(µ) in (6.27). Since Go,e(µ) are not invariant
under the 2pii-shift, we divided the periodic sum into two parts. In general, the worldsheet
1-instanton factor e−4µ/k is not invariant under the 2pii-shift of µ, except for the k = 1, 2, 4
cases. Therefore, for generic k ∈ Z>0, the periodic sum (2.5) should be taken separately
according to n modulo k (or n modulo k/2 for even k), and the resulting exact grand
partition function will be written as a sum of certain building blocks carrying definite
Zk-charge (or Zk/2-charge for even k). It would be very interesting to find a closed form
expression of the grand partition functions for general integer k, say k = 3, 6.
As observed in [4, 5], the exact forms of the grand partition functions of (orientifold)
ABJ theories have the same form as the “non-perturbative partition functions” proposed in
[38]. Our exact grand partition functions have a nice modular property, and we expect that
they are invariant under some subgroup of SL(2,Z). It would be nice to understand the
modular property of Ξ±(µ, k,M) better. Interestingly, the exact form of Ξ±(µ, k,M) we
found is a holomorphic function of µ at fixed k,M . As emphasized in [38], the holomorphic
anomaly might be an artifact of the perturbative genus expansion and the holomorphicity
and modularity are restored at the non-perturbative level. It would be very interesting
to study this mechanism in a concrete example, and we believe that the (orientifold) ABJ
theory serves as a good testing ground for this purpose.
The exact grand partition functions of (orientifold) ABJ theories we obtained are
reminiscent of the torus partition functions of chiral fermions in 2d CFT. It has long been
suspected that the partition functions of matrix models have a natural interpretation in 2d
CFT living on spectral curves (see e.g. [42] and references therein). It would be interesting
to clarify the precise relation between our exact grand partition functions and 2d CFT.
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A Theta functions
In this Appendix, we summarize some useful properties of theta functions, and give a proof
of N2(τ) = 1 and N4(τ) = 1. Here we use the notation
q = e2piiτ , z = e2piiv. (A.1)
Jacobi theta functions. The Jacobi theta functions ϑa(v, τ) (a = 1, 2, 3, 4) are defined
by
ϑ1(v, τ) = −i
∑
n∈Z
q
1
2
(n+1/2)2zn+1/2(−1)n = −iq 18 (z 12 − z− 12 )
∞∏
n=1
(1− qn)(1− zqn)(1− z−1qn),
ϑ2(v, τ) =
∑
n∈Z
q
1
2
(n+1/2)2zn+1/2 = q
1
8 (z
1
2 + z−
1
2 )
∞∏
n=1
(1− qn)(1 + zqn)(1 + z−1qn),
ϑ3(v, τ) =
∑
n∈Z
q
1
2
n2zn =
∞∏
n=1
(1− qn)(1 + zqn− 12 )(1 + z−1qn− 12 ),
ϑ4(v, τ) =
∑
n∈Z
q
1
2
n2(−z)n =
∞∏
n=1
(1− qn)(1− zqn− 12 )(1− z−1qn− 12 ).
(A.2)
Under the S-transformation τ → −1/τ , they behave as
ϑ1(v, τ) = i(−iτ)− 12 e−piiv
2
τ ϑ1(v/τ,−1/τ),
ϑ4(v, τ) = (−iτ)− 12 e−piiv
2
τ ϑ2(v/τ,−1/τ),
ϑ3(v, τ) = (−iτ)− 12 e−piiv
2
τ ϑ3(v/τ,−1/τ).
(A.3)
Theta function with characteristic. We define the theta function with characteristic
(a, b) by
ϑ
[a
b
]
(v, τ) = epiia
2τ+2piia(v+b)ϑ3(v + aτ + b, τ) =
∑
n∈Z
epii(n+a)
2+2pii(n+a)(v+b). (A.4)
Under the S-transformation, this becomes
ϑ
[a
b
]
(v, τ) = (−iτ)− 12 e2piiab−piiv
2
τ ϑ
[−b
a
](v
τ
,−1
τ
)
. (A.5)
The Jacobi theta functions can be written as
ϑ1(v, τ) = −ϑ
[1/2
1/2
]
(v, τ), ϑ2(v, τ) = ϑ
[1/2
0
]
(v, τ),
ϑ3(v, τ) = ϑ
[0
0
]
(v, τ), ϑ4(v, τ) = ϑ
[ 0
1/2
]
(v, τ).
(A.6)
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Useful identities. The Jacobi theta functions satisfy
ϑ3(v ± 1/2, τ) = ϑ3(v, τ ± 1) = ϑ4(v, τ),
ϑ2(v ± 1/2, τ) = ∓ϑ1(v, τ),
ϑ2(v, τ) = e
pii(τ/4±v)ϑ3(v ± τ/2, τ).
(A.7)
and
ϑ1(v, τ)
4 + ϑ3(v, τ)
4 = ϑ2(v, τ)
4 + ϑ4(v, τ)
4. (A.8)
The Dedekind eta function defined by
η(τ) = q
1
24
∞∏
n=1
(1− qn), (A.9)
is related to the Jacobi theta functions as
2η(τ)3 = ϑ2(0, τ)ϑ3(0, τ)ϑ4(0, τ). (A.10)
The theta functions with argument τ and 2τ are related by
ϑ3(v, τ)ϑ4(v, τ) = ϑ4(0, 2τ)ϑ4(2v, 2τ), (A.11)
and τ and 4τ are related by
ϑ3(v, τ) = ϑ3(2v, 4τ) + ϑ2(2v, 4τ),
ϑ4(v, τ) = ϑ3(2v, 4τ)− ϑ2(2v, 4τ).
(A.12)
From (A.11), (A.12), and the product representation of theta functions (A.2), one can show
that
ϑ3(0, τ)
2 − ϑ2(0, τ)2 = ϑ4(0, τ/2)2,
ϑ3(0, τ)
2 + ϑ2(0, τ)
2 = ϑ3(0, τ/2)
2,
2ϑ2(0, τ)ϑ3(0, τ) = ϑ2(0, τ/2)
2.
(A.13)
To show the functional relations (7.1), (7.3), and (7.4), we use the following identities
ϑ3(x+ y, τ)ϑ3(x− y, τ) = ϑ3(2x, 2τ)ϑ3(2y, 2τ) + ϑ2(2x, 2τ)ϑ2(2y, 2τ),
ϑ4(x+ y, τ)ϑ4(x− y, τ) = ϑ3(2x, 2τ)ϑ3(2y, 2τ)− ϑ2(2x, 2τ)ϑ2(2y, 2τ).
(A.14)
Elliptic modulus and theta functions. The elliptic modulus k2 appearing in the
complete elliptic integral of the first kind K(k2) is related to the Jacobi theta functions by
2
pi
K(k2) = ϑ3(0, τ)
2, τ = i
K(1− k2)
K(k2)
, k2 =
ϑ2(0, τ)
4
ϑ3(0, τ)4
, 1− k2 = ϑ4(0, τ)
4
ϑ3(0, τ)4
. (A.15)
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A.1 Proof of N2(τ) = 1
In this subsection we will prove the identity N2(τ) = 1 in (7.24), which amounts to showing
that
ϑ2(0, τ)ϑ3(0, τ) = 2q
1
8ϑ3(τ/2, 2τ)
2. (A.16)
As we will see below, this follows directly from the product representation of theta functions
(A.2). First, notice that
ϑ3(τ/2, 2τ) =
∞∏
n=1
(1−q2n)(1+q 12 q2n−1)(1+q− 12 q2n−1) =
∞∏
n=1
(1−q2n)(1+q2n− 12 )(1+q2n−1− 12 ).
(A.17)
The last two factors can be thought of as the product of qm−
1
2 with even m (m = 2n) and
odd m (m = 2n− 1). Thus, we find
ϑ3(τ/2, 2τ) =
∞∏
n=1
(1− q2n)(1 + qn− 12 ). (A.18)
On the other hand, by multiplying ϑ2(0, τ) and ϑ3(0, τ) in (A.2), we find
ϑ2(0, τ)ϑ3(0, τ) = 2q
1
8
∞∏
n=1
(1− qn)2(1 + qn)2(1 + qn− 12 )2 = 2q 18
∞∏
n=1
(1− q2n)2(1 + qn− 12 )2.
(A.19)
Comparing (A.18) and (A.19), we find the desired relation (A.16).
A.2 Proof of N4(τ) = 1
In this subsection, we will prove the identity N4(τ) = 1. Using (A.8), (A.16), and (A.13),
we can rewrite N4(τ)4 in (7.39) as
N4(τ)4 = 1
ϑ3(τ/2, 2τ)2ϑ4(0, τ)2
[ϑ3(0, τ)
4 − ϑ2(0, τ)4] 12
ϑ3(0, τ)2 + ϑ2(0, τ)2
ϑ3(τ/4, τ)
4
=
ϑ3(τ/4, τ)
4
ϑ3(τ/2, 2τ)2ϑ3(0, τ/2)2
.
(A.20)
Therefore, to prove N4(τ) = 1 we have to show that
ϑ3(τ/2, 2τ)ϑ3(0, τ/2) = ϑ3(τ/4, τ)
2. (A.21)
First, ϑ3(τ/4, τ) on the right hand side of (A.21) is easily obtained from (A.18) by
replacing q → q 12
ϑ3(τ/4, τ) =
∞∏
n=1
(1− qn)(1 + q n2− 14 ). (A.22)
Next consider the the left hand side of (A.21). From (A.18), we can rewrite ϑ3(τ/2, 2τ) as
ϑ3(τ/2, 2τ) =
∞∏
n=1
(1− qn)(1 + qn)(1 + qn− 12 ) =
∞∏
n=1
(1− qn)(1 + q n2 ). (A.23)
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In the last step we have used the same reasoning to derive (A.18). From (A.2), ϑ3(0, τ/2)
is given by
ϑ3(0, τ/2) =
∞∏
n=1
(1− q n2 )(1 + q 12 (n− 12 ))2. (A.24)
Then, multiplying (A.23) and (A.24) we find
ϑ3(τ/2, 2τ)ϑ3(0, τ/2) =
∞∏
n=1
(1− qn)2(1 + q n2− 14 )2. (A.25)
Comparing (A.25) and (A.22), we find the desired relation (A.21).
B Instanton expansion of J±(k,M)
In this Appendix, we summarize the non-perturbative corrections to the grand potential
Jnp± (k,M) obtained from the exact values of Z±(N, k,M).
B.1 k = 2
Jnp+ (2, 0) =
[
4µ2 + 2µ+ 1
2pi2
+ 2
]
e−2µ +
[
−52µ
2 + µ+ 9/4
4pi2
− 14
]
e−4µ
+
[
736µ2 − 304/3µ+ 154/9
6pi2
+
416
3
]
e−6µ +
[
−2701µ
2 − 13949/24µ+ 11291/192
2pi2
− 1582
]
e−8µ
+
[
161824µ2 − 624244/15µ+ 285253/75
10pi2
+
97472
5
]
e−10µ
Jnp− (2, 0) =
[
4µ2 + 2µ+ 1
2pi2
− 2
]
e−2µ +
[
−52µ
2 + µ+ 9/4
4pi2
+ 18
]
e−4µ
+
[
736µ2 − 304/3µ+ 154/9
6pi2
− 608
3
]
e−6µ +
[
−2701µ
2 − 13949/24µ+ 11291/192
2pi2
+ 2514
]
e−8µ
+
[
161824µ2 − 624244/15µ+ 285253/75
10pi2
− 164672
5
]
e−10µ
(B.1)
Jnp+ (µ, 2, 1) = e
−µ − 4µ
2 + 2µ+ 1
2pi2
e−2µ +
16
3
e−3µ +
[
−52µ
2 + µ+ 9/4
4pi2
+ 2
]
e−4µ +
256
5
e−5µ
+
[
−736µ
2 − 304/3µ+ 154/9
6pi2
+ 32
]
e−6µ +
4096
7
e−7µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
2pi2
+ 466
]
e−8µ
Jnp− (µ, 2, 1) = −e−µ −
4µ2 + 2µ+ 1
2pi2
e−2µ − 16
3
e−3µ +
[
−52µ
2 + µ+ 9/4
4pi2
+ 2
]
e−4µ − 256
5
e−5µ
+
[
−736µ
2 − 304/3µ+ 154/9
6pi2
+ 32
]
e−6µ − 4096
7
e−7µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
2pi2
+ 466
]
e−8µ
(B.2)
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B.2 k = 4
Jnp+ (4, 0) = −
1
2
e−µ +
[
−4µ
2 + 2µ+ 1
4pi2
− 1
]
e−2µ − 8
3
e−3µ +
[
−52µ
2 + µ+ 9/4
8pi2
− 6
]
e−4µ
− 128
5
e−5µ +
[
−736µ
2 − 304/3µ+ 154/9
12pi2
− 160
3
]
e−6µ − 2048
7
e−7µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
4pi2
− 558
]
e−8µ − 32768
9
e−9µ
+
[
−161824µ
2 − 624244/15µ+ 285253/75
20pi2
− 31936
5
]
e−10µ
Jnp− (4, 0) =
3
2
e−µ +
[
−4µ
2 + 2µ+ 1
4pi2
+ 3
]
e−2µ + 8e−3µ +
[
−52µ
2 + µ+ 9/4
8pi2
+ 26
]
e−4µ
+
384
5
e−5µ +
[
−736µ
2 − 304/3µ+ 154/9
12pi2
+ 288
]
e−6µ +
6144
7
e−7µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
4pi2
+ 3538
]
e−8µ +
32768
3
e−9µ
+
[
−161824µ
2 − 624244/15µ+ 285253/75
20pi2
+
230208
5
]
e−10µ
(B.3)
Jnp+ (4, 1) =
4µ2 + 2µ+ 1
4pi2
e−2µ +
[
−52µ
2 + µ+ 9/4
8pi2
+ 2
]
e−4µ +
[
736µ2 − 304/3µ+ 154/9
12pi2
− 32
]
e−6µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
4pi2
+ 466
]
e−8µ
Jnp− (4, 1) =
4µ2 + 2µ+ 1
4pi2
e−2µ +
[
−52µ
2 + µ+ 9/4
8pi2
+ 2
]
e−4µ +
[
736µ2 − 304/3µ+ 154/9
12pi2
− 32
]
e−6µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
4pi2
+ 466
]
e−8µ
(B.4)
Jnp+ (4, 2) =
1
2
e−µ +
[
−4µ
2 + 2µ+ 1
4pi2
− 1
]
e−2µ +
8
3
e−3µ +
[
−52µ
2 + µ+ 9/4
8pi2
− 6
]
e−4µ
+
128
5
e−5µ +
[
−736µ
2 − 304/3µ+ 154/9
12pi2
− 160
3
]
e−6µ +
2048
7
e−7µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
4pi2
− 558
]
e−8µ +
32768
9
e−9µ
+
[
−161824µ
2 − 624244/15µ+ 285253/75
20pi2
− 31936
5
]
e−10µ
Jnp− (4, 2) = −
3
2
e−µ +
[
−4µ
2 + 2µ+ 1
4pi2
+ 3
]
e−2µ − 8e−3µ +
[
−52µ
2 + µ+ 9/4
8pi2
+ 26
]
e−4µ
− 384
5
e−5µ +
[
−736µ
2 − 304/3µ+ 154/9
12pi2
+ 288
]
e−6µ − 6144
7
e−7µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
4pi2
+ 3538
]
e−8µ − 32768
3
e−9µ
+
[
−161824µ
2 − 624244/15µ+ 285253/75
20pi2
+
230208
5
]
e−10µ
(B.5)
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B.3 k = 8
For odd M , we find
Jnp+ (8, 1) =
1√
2
e−
µ
2 − 4
3
√
2
e−
3µ
2 +
4µ2 + 2µ+ 1
8pi2
e−2µ − 16
5
√
2
e−
5µ
2 +
64
7
√
2
e−
7µ
2
+
[
−52µ
2 + µ+ 9/4
16pi2
+ 2
]
e−4µ +
256
9
√
2
e−
9µ
2 − 1024
11
√
2
e−
11µ
2
+
[
736µ2 − 304/3µ+ 154/9
24pi2
− 32
]
e−6µ − 4096
13
√
2
e−
13µ
2 +
47
15
√
2
e−
15µ
2
+
[
−2701µ
2 − 13949/24µ+ 11291/192
8pi2
+ 466
]
e−8µ
(B.6)
Jnp+ (8, 3) = −
1√
2
e−
µ
2 +
4
3
√
2
e−
3µ
2 +
4µ2 + 2µ+ 1
8pi2
e−2µ +
16
5
√
2
e−
5µ
2 − 64
7
√
2
e−
7µ
2
+
[
−52µ
2 + µ+ 9/4
16pi2
+ 2
]
e−4µ − 256
9
√
2
e−
9µ
2 +
1024
11
√
2
e−
11µ
2
+
[
736µ2 − 304/3µ+ 154/9
24pi2
− 32
]
e−6µ +
4096
13
√
2
e−
13µ
2 − 4
7
15
√
2
e−
15µ
2
+
[
−2701µ
2 − 13949/24µ+ 11291/192
8pi2
+ 466
]
e−8µ
(B.7)
We find that the instanton corrections of J−(8,M) are equal to J
np
+ (8,M) for M = 1, 3
Jnp− (8,M) = J
np
+ (8,M) (M = 1, 3). (B.8)
For even M , we find
J+(8, 0) = e
−µ
2 +
3
4
e−µ − 2
3
e−
3µ
2 +
[
−4µ
2 + 2µ+ 1
8pi2
+
1
2
]
e−2µ +
6
5
e−
5µ
2 + 4e−3µ − 20
7
e−
7µ
2
+
[
−52µ
2 + µ+ 9/4
16pi2
+ 6
]
e−4µ +
70
9
e−
9µ
2 +
192
5
e−5µ − 252
11
e−
11µ
2
+
[
−736µ
2 − 304/3µ+ 154/9
24pi2
+
224
3
]
e−6µ +
924
13
e−
13µ
2 +
3072
7
e−7µ − 3432
15
e−
15µ
2
+
[
−2701µ
2 − 13949/24µ+ 11291/192
8pi2
+ 978
]
e−8µ +
12870
17
e−
17µ
2 +
16384
3
e−9µ − 48620
19
e−
19µ
2
J−(8, 0) = e
−µ
2 − 5
4
e−µ − 2
3
e−
3µ
2 +
[
−4µ
2 + 2µ+ 1
8pi2
+
9
2
]
e−2µ +
6
5
e−
5µ
2 − 20
3
e−3µ − 20
7
e−
7µ
2
+
[
−52µ
2 + µ+ 9/4
16pi2
+ 38
]
e−4µ +
70
9
e−
9µ
2 − 64e−5µ − 252
11
e−
11µ
2
+
[
−736µ
2 − 304/3µ+ 154/9
24pi2
+ 416
]
e−6µ +
924
13
e−
13µ
2 − 5120
7
e−7µ − 3432
15
e−
15µ
2
+
[
−2701µ
2 − 13949/24µ+ 11291/192
8pi2
+ 5074
]
e−8µ +
12870
17
e−
17µ
2 − 81920
9
e−9µ − 48620
19
e−
19µ
2
(B.9)
– 62 –
J+(8, 2) = −3
4
e−µ +
[
−4µ
2 + 2µ+ 1
8pi2
+
1
2
]
e−2µ − 4e−3µ +
[
−52µ
2 + µ+ 9/4
16pi2
+ 6
]
e−4µ
− 192
5
e−5µ +
[
−736µ
2 − 304/3µ+ 154/9
24pi2
+
224
3
]
e−6µ − 3072
7
e−7µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
8pi2
+ 978
]
e−8µ − 16384
3
e−9µ
J−(8, 2) =
5
4
e−µ +
[
−4µ
2 + 2µ+ 1
8pi2
+
9
2
]
e−2µ +
20
3
e−3µ +
[
−52µ
2 + µ+ 9/4
16pi2
+ 38
]
e−4µ
+ 64e−5µ +
[
736µ2 − 304/3µ+ 154/9
24pi2
+ 416
]
e−6µ +
5120
7
e−7µ
+
[
−2701µ
2 − 13949/24µ+ 11291/192
8pi2
+ 5074
]
e−8µ +
81920
9
e−9µ
(B.10)
J+(8, 4) = −e−
µ
2 +
3
4
e−µ +
2
3
e−
3µ
2 +
[
−4µ
2 + 2µ+ 1
8pi2
+
1
2
]
e−2µ − 6
5
e−
5µ
2 + 4e−3µ +
20
7
e−
7µ
2
+
[
−52µ
2 + µ+ 9/4
16pi2
+ 6
]
e−4µ − 70
9
e−
9µ
2 +
192
5
e−5µ +
252
11
e−
11µ
2
+
[
−736µ
2 − 304/3µ+ 154/9
24pi2
+
224
3
]
e−6µ − 924
13
e−
13µ
2 +
3072
7
e−7µ +
3432
15
e−
15µ
2
+
[
−2701µ
2 − 13949/24µ+ 11291/192
8pi2
+ 978
]
e−8µ − 12870
17
e−
17µ
2 +
16384
3
e−9µ +
48620
19
e−
19µ
2
J−(8, 4) = −e−
µ
2 − 5
4
e−µ +
2
3
e−
3µ
2 +
[
−4µ
2 + 2µ+ 1
8pi2
+
9
2
]
e−2µ − 6
5
e−
5µ
2 − 20
3
e−3µ +
20
7
e−
7µ
2
+
[
−52µ
2 + µ+ 9/4
16pi2
+ 38
]
e−4µ − 70
9
e−
9µ
2 − 64e−5µ + 252
11
e−
11µ
2
+
[
−736µ
2 − 304/3µ+ 154/9
24pi2
+ 416
]
e−6µ − 924
13
e−
13µ
2 − 5120
7
e−7µ +
3432
15
e−
15µ
2
+
[
−2701µ
2 − 13949/24µ+ 11291/192
8pi2
+ 5074
]
e−8µ − 12870
17
e−
17µ
2 − 81920
9
e−9µ +
48620
19
e−
19µ
2
(B.11)
B.4 k = 3
Jnp+ (3, 0) = −
1√
2
e−µ +
2
3
e−
4µ
3 +
4
3
√
2
e−3µ +
[
4µ2 + µ+ 1/4
6pi2
− 8
9
]
e−4µ +
16
5
√
2
e−5µ − 17
9
e−
16µ
3
+
2
15
e−
20µ
3 − 64
7
√
2
e−7µ +
[
−52µ
2 + µ/2 + 9/16
12pi2
+
88
9
]
e−8µ − 256
9
√
2
e−9µ +
2776
189
e−
28µ
3
Jnp− (3, 0) =
1√
2
e−µ +
2
3
e−
4µ
3 − 4
3
√
2
e−3µ +
[
4µ2 + µ+ 1/4
6pi2
− 8
9
]
e−4µ − 16
5
√
2
e−5µ − 17
9
e−
16µ
3
+
2
15
e−
20µ
3 +
64
7
√
2
e−7µ +
[
−52µ
2 + µ/2 + 9/16
12pi2
+
88
9
]
e−8µ +
256
9
√
2
e−9µ +
2776
189
e−
28µ
3
− 31
18
e−
32µ
3 − 2
10
11
√
2
e−11µ +
[
736µ2 − 152/3µ+ 77/18
18pi2
− 3200
27
]
e−12µ − 2
12
13
√
2
e−13µ
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Jnp+ (3, 1) =
1√
2
e−µ − 1
3
e−
4µ
3 +
1
2
e−
8µ
3 − 4
3
√
2
e−3µ +
[
4µ2 + µ+ 1/4
6pi2
− 8
9
]
e−4µ − 16
5
√
2
e−5µ
+
25
36
e−
16µ
3 − 12
5
e−
20µ
3 +
64
7
√
2
e−7µ +
[
−52µ
2 + µ/2 + 9/16
12pi2
+
88
9
]
e−8µ +
256
9
√
2
e−9µ − 947
189
e−
28µ
3
+
1489
72
e−
32µ
3 − 1024
11
√
2
e−11µ +
[
736µ2 − 152/3µ+ 77/18
18pi2
− 3200
27
]
e−12µ − 2
12
13
√
2
e−13µ
+
59119
1215
e−
40µ
3
Jnp− (3, 1) = −
1√
2
e−µ − 1
3
e−
4µ
3 +
1
2
e−
8µ
3 +
4
3
√
2
e−3µ +
[
4µ2 + µ+ 1/4
6pi2
− 8
9
]
e−4µ +
16
5
√
2
e−5µ
+
25
36
e−
16µ
3 − 12
5
e−
20µ
3 − 64
7
√
2
e−7µ +
[
−52µ
2 + µ/2 + 9/16
12pi2
+
88
9
]
e−8µ − 256
9
√
2
e−9µ − 947
189
e−
28µ
3
+
1489
72
e−
32µ
3 +
1024
11
√
2
e−11µ +
[
736µ2 − 152/3µ+ 77/18
18pi2
− 3200
27
]
e−12µ +
212
13
√
2
e−13µ
+
59119
1215
e−
40µ
3
(B.13)
B.5 k = 6
Jnp+ (6, 0) =
2
3
e−
2µ
3 +
[
4µ2 + 2µ+ 1
6pi2
+
10
9
]
e−2µ − 17
9
e−
8µ
3 +
2
15
e−
10µ
3 +
[
−52µ
2 + µ+ 9/4
12pi2
− 56
9
]
e−4µ
+
2776
189
e−
14µ
3 − 31
18
e−
16µ
3 +
[
736µ2 − 304/3µ+ 154/9
18pi2
+
1408
27
]
e−6µ − 35938
243
e−
20µ
3 +
6508
297
e−
22µ
3
+
[
−2701µ
2 − 13949/24µ+ 11291/192
6pi2
− 4648
9
]
e−8µ +
15932974
13 · 36 e
− 26µ
3 − 69622
35
e−
28µ
3
Jnp− (6, 0) =
2
3
e−
2µ
3 +
[
4µ2 + 2µ+ 1
6pi2
− 26
9
]
e−2µ − 17
9
e−
8µ
3 +
2
15
e−
10µ
3 +
[
−52µ
2 + µ+ 9/4
12pi2
+
232
9
]
e−4µ
+
2776
189
e−
14µ
3 − 31
18
e−
16µ
3 +
[
736µ2 − 304/3µ+ 154/9
18pi2
− 7808
27
]
e−6µ − 35938
243
e−
20µ
3 +
6508
297
e−
22µ
3
+
[
−2701µ
2 − 13949/24µ+ 11291/192
6pi2
+
32216
9
]
e−8µ +
15932974
13 · 36 e
− 26µ
3 − 69622
35
e−
28µ
3
(B.14)
Jnp+ (6, 1) =
1
3
e−
2µ
3 − e−µ + 1
2
e−
4µ
3 +
[
−4µ
2 + 2µ+ 1
6pi2
+
8
9
]
e−2µ +
25
36
e−
8µ
3 − 16
3
e−3µ +
12
5
e−
10µ
3
+
[
−52µ
2 + µ+ 9/4
12pi2
+
88
9
]
e−4µ +
947
189
e−
14µ
3 − 256
5
e−5µ +
1489
72
e−
16µ
3
+
[
−736µ
2 − 304/3µ+ 154/9
18pi2
+
3200
27
]
e−6µ +
59119
1215
e−
20µ
3 − 2
12
7
e−7µ +
193825
891
e−
22µ
3
+
[
−2701µ
2 − 13949/24µ+ 11291/192
6pi2
+
13784
9
]
e−8µ +
5126663
13 · 36 e
− 26µ
3 − 2
16
9
e−9µ
Jnp− (6, 1) =
1
3
e−
2µ
3 + e−µ +
1
2
e−
4µ
3 +
[
−4µ
2 + 2µ+ 1
6pi2
+
8
9
]
e−2µ +
25
36
e−
8µ
3 +
16
3
e−3µ +
12
5
e−
10µ
3
+
[
−52µ
2 + µ+ 9/4
12pi2
+
88
9
]
e−4µ +
947
189
e−
14µ
3 +
256
5
e−5µ +
1489
72
e−
16µ
3
+
[
−736µ
2 − 304/3µ+ 154/9
18pi2
+
3200
27
]
e−6µ +
59119
1215
e−
20µ
3 +
212
7
e−7µ +
193825
891
e−
22µ
3
+
[
−2701µ
2 − 13949/24µ+ 11291/192
6pi2
+
13784
9
]
e−8µ +
5126663
13 · 36 e
− 26µ
3 +
216
9
e−9µ
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Jnp+ (6, 2) = −
1
3
e−
2µ
3 +
1
2
e−
4µ
3 +
[
4µ2 + 2µ+ 1
6pi2
+
10
9
]
e−2µ +
25
36
e−
8µ
3 − 12
5
e−
10µ
3
+
[
−52µ
2 + µ+ 9/4
12pi2
− 56
9
]
e−4µ − 947
189
e−
14µ
3 +
1489
72
e−
16µ
3
+
[
736µ2 − 304/3µ+ 154/9
18pi2
+
1408
27
]
e−6µ +
59119
1215
e−
20µ
3 − 193825
891
e−
22µ
3
+
[
−2701µ
2 − 13949/24µ+ 11291/192
6pi2
− 4648
9
]
e−8µ − 5126663
13 · 36 e
− 26µ
3
Jnp− (6, 2) = −
1
3
e−
2µ
3 +
1
2
e−
4µ
3 +
[
4µ2 + 2µ+ 1
6pi2
− 26
9
]
e−2µ +
25
36
e−
8µ
3 − 12
5
e−
10µ
3
+
[
−52µ
2 + µ+ 9/4
12pi2
+
232
9
]
e−4µ − 947
189
e−
14µ
3 +
1489
72
e−
16µ
3
+
[
736µ2 − 304/3µ+ 154/9
18pi2
− 7808
27
]
e−6µ +
59119
1215
e−
20µ
3 − 193825
891
e−
22µ
3
+
[
−2701µ
2 − 13949/24µ+ 11291/192
6pi2
+
32216
9
]
e−8µ − 5126663
13 · 36 e
− 26µ
3
(B.16)
Jnp+ (6, 3) = −
2
3
e−
2µ
3 + e−µ +
[
−4µ
2 + 2µ+ 1
6pi2
+
8
9
]
e−2µ − 17
9
e−
8µ
3 +
16
3
e−3µ − 2
15
e−
10µ
3
+
[
−52µ
2 + µ+ 9/4
12pi2
+
88
9
]
e−4µ − 2776
189
e−
14µ
3 +
256
5
e−5µ − 31
18
e−
16µ
3
+
[
−736µ
2 − 304/3µ+ 154/9
18pi2
+
3200
27
]
e−6µ
Jnp− (6, 3) = −
2
3
e−
2µ
3 − e−µ +
[
−4µ
2 + 2µ+ 1
6pi2
+
8
9
]
e−2µ − 17
9
e−
8µ
3 − 16
3
e−3µ − 2
15
e−
10µ
3
+
[
−52µ
2 + µ+ 9/4
12pi2
+
88
9
]
e−4µ − 2776
189
e−
14µ
3 − 256
5
e−5µ − 31
18
e−
16µ
3
+
[
−736µ
2 − 304/3µ+ 154/9
18pi2
+
3200
27
]
e−6µ
(B.17)
B.6 k = 12
For odd M , we find
Jnp+ (12, 1) =
√
3e−
µ
3 − 7
6
e−
2µ
3 +
9
4
e−
4µ
3 − 16
√
3
5
e−
5µ
3 +
[
4µ2 + 2µ+ 1
12pi2
+
74
9
]
e−2µ − 185
√
3
21
e−
7µ
3
+
1057
72
e−
8µ
3 − 611
15
e−
10µ
3 +
2203
√
3
33
e−
11µ
3 +
[
−52µ
2 + µ+ 9/4
24pi2
− 1864
9
]
e−4µ +
23201
√
3
117
e−
13µ
3
(B.18)
Jnp+ (12, 3) = −
2
3
e−
2µ
3 − e− 4µ3 +
[
4µ2 + 2µ+ 1
12pi2
− 34
9
]
e−2µ +
25
18
e−
8µ
3 +
68
15
e−
10µ
3
+
[
−52µ
2 + µ+ 9/4
24pi2
+
296
9
]
e−4µ − 1894
189
e−
14µ
3 − 2766
72
e−
16µ
3
+
[
736µ2 − 304/3µ+ 154/9
36pi2
− 9838
27
]
e−6µ
(B.19)
Jnp+ (12, 5) = −
√
3e−
µ
3 − 7
6
e−
2µ
3 +
9
4
e−
4µ
3 +
16
√
3
5
e−
5µ
3 +
[
4µ2 + 2µ+ 1
12pi2
+
74
9
]
e−2µ +
185
√
3
21
e−
7µ
3
+
1057
72
e−
8µ
3 − 611
15
e−
10µ
3 − 2203
√
3
33
e−
11µ
3 +
[
−52µ
2 + µ+ 9/4
24pi2
− 1864
9
]
e−4µ − 23201
√
3
117
e−
13µ
3
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We find that the instanton corrections for J−(12,M) are equal to J
np
+ (12,M) for all M = 1, 3, 5
Jnp− (12,M) = J
np
+ (12,M) (M = 1, 3, 5). (B.21)
For even M , we find
J+(12, 0) = 2e
−µ
3 − 4
3
e−
2µ
3 − 5
6
e−µ + 3e−
4µ
3 − 38
5
e−
5µ
3 +
[
−4µ
2 + 2µ+ 1
12pi2
+
127
9
]
e−2µ
− 344
21
e−
7µ
3 +
265
18
e−
8µ
3 − 40
9
e−3µ − 514
15
e−
10µ
3 +
3196
33
e−
11µ
3 +
[
−52µ
2 + µ+ 9/4
24pi2
− 1552
9
]
e−4µ
+
32050
13 · 32 e
− 13µ
3 − 50030
7 · 33 e
− 14µ
3 − 384
9
e−5µ +
28313
36
e−
16µ
3 − 353752
17 · 32 e
− 17µ
3
+
[
−736µ
2 − 304/3µ+ 154/9
36pi2
+
126850
27
]
e−6µ
J−(12, 0) = 2e
−µ
3 − 4
3
e−
2µ
3 +
7
6
e−µ + 3e−
4µ
3 − 38
5
e−
5µ
3 +
[
−4µ
2 + 2µ+ 1
12pi2
+
163
9
]
e−2µ
− 344
21
e−
7µ
3 +
265
18
e−
8µ
3 +
56
9
e−3µ − 514
15
e−
10µ
3 +
3196
33
e−
11µ
3 +
[
−52µ
2 + µ+ 9/4
24pi2
− 1264
9
]
e−4µ
+
32050
13 · 32 e
− 13µ
3 − 50030
7 · 33 e
− 14µ
3 +
896
15
e−5µ +
28313
36
e−
16µ
3 − 353752
17 · 32 e
− 17µ
3
+
[
−736µ
2 − 304/3µ+ 154/9
36pi2
+
136066
27
]
e−6µ
(B.22)
J+(12, 2) = e
−µ
3 − 5
6
e−
2µ
3 +
5
6
e−µ +
1
4
e−
4µ
3 − 4
5
e−
5µ
3 +
[
−4µ
2 + 2µ+ 1
12pi2
+
19
9
]
e−2µ
+
17
21
e−
7µ
3 − 143
72
e−
8µ
3 +
40
9
e−3µ + e−
10µ
3 − 151
33
e−
11µ
3 +
[
−52µ
2 + µ+ 9/4
24pi2
+
176
9
]
e−4µ
J−(12, 2) = e
−µ
3 − 5
6
e−
2µ
3 − 7
6
e−µ +
1
4
e−
4µ
3 − 4
5
e−
5µ
3 +
[
−4µ
2 + 2µ+ 1
12pi2
+
55
9
]
e−2µ
+
17
21
e−
7µ
3 − 143
72
e−
8µ
3 − 56
9
e−3µ + e−
10µ
3 − 151
33
e−
11µ
3 +
[
−52µ
2 + µ+ 9/4
24pi2
+
464
9
]
e−4µ
(B.23)
J+(12, 4) = −e−
µ
3 − 5
6
e−
2µ
3 − 5
6
e−µ +
1
4
e−
4µ
3 +
4
5
e−
5µ
3 +
[
−4µ
2 + 2µ+ 1
12pi2
+
19
9
]
e−2µ
− 17
21
e−
7µ
3 − 143
72
e−
8µ
3 − 40
9
e−3µ + e−
10µ
3 +
151
33
e−
11µ
3 +
[
−52µ
2 + µ+ 9/4
24pi2
+
176
9
]
e−4µ
J−(12, 4) = −e−
µ
3 − 5
6
e−
2µ
3 +
7
6
e−µ +
1
4
e−
4µ
3 +
4
5
e−
5µ
3 +
[
−4µ
2 + 2µ+ 1
12pi2
+
55
9
]
e−2µ
− 17
21
e−
7µ
3 − 143
72
e−
8µ
3 +
56
9
e−3µ + e−
10µ
3 +
151
33
e−
11µ
3 +
[
−52µ
2 + µ+ 9/4
24pi2
+
464
9
]
e−4µ
(B.24)
J+(12, 6) = −2e−
µ
3 − 4
3
e−
2µ
3 +
5
6
e−µ + 3e−
4µ
3 +
38
5
e−
5µ
3 +
[
−4µ
2 + 2µ+ 1
12pi2
+
127
9
]
e−2µ
+
344
21
e−
7µ
3 +
265
18
e−
8µ
3 +
40
9
e−3µ − 514
15
e−
10µ
3 − 3196
33
e−
11µ
3 +
[
−52µ
2 + µ+ 9/4
24pi2
− 1552
9
]
e−4µ
J−(12, 6) = −2e−
µ
3 − 4
3
e−
2µ
3 − 7
6
e−µ + 3e−
4µ
3 +
38
5
e−
5µ
3 +
[
−4µ
2 + 2µ+ 1
12pi2
+
163
9
]
e−2µ
+
344
21
e−
7µ
3 +
265
18
e−
8µ
3 − 56
9
e−3µ − 514
15
e−
10µ
3 − 3196
33
e−
11µ
3 +
[
−52µ
2 + µ+ 9/4
24pi2
− 1264
9
]
e−4µ
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